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Abstract

In this work, we develop algorithms for estimating properties of general matrix functions
using product formulae, with applications to quantum phase estimation and Green’s function
evaluation. Our main contribution applies Richardson extrapolation to product formulae,
leading to exponential improvements in error scaling and lower circuit depth by delegating
error mitigation to classical post-processing. We extend this approach to a partially randomized
scheme, improving performance in Hamiltonians dominated by a few large terms, such as those
in quantum chemistry — this allows interpolation between our basic scheme and a state-of-art
randomized compiler for time evolution. We further refine algorithmic bounds for fermionic
systems with fixed particle number. The resulting methods exhibit low circuit depth, require only
a single ancilla qubit, and offer improved asymptotic performance, making them well-suited for
early fault-tolerant quantum devices.
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1 Introduction

1.1 Non-technical Summary

Quantum computing holds promise for solving certain computational problems that are believed to
be intractable on classical machines. Many of the tasks proposed for quantum computers—such as
simulating quantum systems, solving systems of equations, or modeling materials—can be framed
as evaluating matrix functions, a powerful mathematical tool [Gil+19; Mar+21; WMB24].

This paper focuses on advancing quantum algorithms for evaluating matrix functions in the early
fault-tolerant (EFT) era, where quantum devices are reliable enough to run some suite of algorithms
but still constrained in size and depth. Motivated by these constraints, our goal is to take promising
quantum algorithmic primitives and reduce their hardware demands. To this end, we introduce a
refined technique that offloads part of the computational burden to classical post-processing. This
approach significantly reduces quantum resource requirements, making it particularly well-suited
for near-term fault-tolerant quantum hardware.

Our method supports important applications, including phase estimation (used to find ground
state energies) and computing Green’s functions (used to model electronic behavior in chemistry
and materials). At the core of our approach is a versatile algorithmic primitive that competes with
existing randomized techniques [WBC22] while offering a interpolation between deterministic and
randomized strategies.

By reducing the resource cost of matrix function evaluation under realistic hardware constraints,
this work contributes a practical step toward early-fault tolerant quantum algorithms.

1.2 Motivation and Background

Simulating quantum systems has long been a foundational motivation for quantum computing
and remains one of the most promising paths toward achieving near-term quantum advantage. In
recent years, there has been a growing focus on early fault-tolerant (EFT) quantum computing—an
emerging paradigm that seeks to implement practically useful quantum algorithms on small-scale
error-corrected devices, constrained by limited qubit counts and circuit depth. EFT algorithms
are designed to make the most of these constraints, typically by trading off quantum resources
for increased classical post-processing or runtime. Many EFT approaches build directly on time
evolution as a core subroutine, making it a central building block in this regime.

A wide range of EFT algorithms leverage Hamiltonian simulation to perform tasks such as
quantum phase estimation, ground state preparation, and solving linear systems. Notable examples
that will relate to our work include the seminal work of Lin and Tong [LT22], who achieve
Heisenberg-limited precision using just one ancilla qubit and classical post-processing (if time
evolution is specified as an oracle); Wan et al. [WBC22], who reduce circuit depth via randomized
measurements; and Wang et al. [WMB24], who generalize the randomized approach to matrix
function algorithms. Outside of this, the EFT paradigm has motivated a body of work on reducing
quantum resources using classical overhead [Cam?21; LT20; Wan+23; Wan+25; Kis+25].

At the heart of many of these EFT algorithms lies time evolution—the simulation of unitary
dynamics """ for a Hamiltonian H over time 7. There are four main algorithmic families for



simulating time evolution: product formulae (commonly referred to as Trotterization) [L1096],
linear combinations of unitaries (LCU) [CW12], quantum walks [BC12], and qubitization [LC19].
Among these, qubitization holds the best asymptotic complexities, and product formulae stand
out as especially well-suited to the EFT setting. While they have worse asymptotic scaling than
more advanced methods, they require no ancillary qubits or complex block-encoding (allowing
them to be run on quantum devices in the present day), and their component operations decompose
naturally into native gates, which simplifies compilation and reduces overhead. Importantly, they also
preserve physical properties such as symmetries and locality [Tra+20], and their error bounds—while
formally scaling with nested commutators—tend to perform much better empirically than worst-case
predictions suggest [HHZ19].

These advantages make product formulae a compelling candidate for near-term EFT implement-
ations. As such, understanding and improving time evolution via product formulae in the EFT
regime remains a central challenge—and opportunity—for early practical quantum algorithms.

1.3 Main Result

Our main contribution is a simple but powerful subroutine, described in Algorithm 1, that enables
the estimation of two important types of quantum quantities:

Tr[pf(A)] and Tr[f(A)pf(A) 0], (1)

where p is a quantum state, O is an observable, and f(A) is some (generally non-unitary) matrix
function applied to a Hermitian operator A.

We view this as a broadly applicable framework that accommodates a lot of quantum algorithms
targeting practical applications. While some algorithmic approaches in the literature produce
a quantum state as their output, most truly end-to-end use cases ultimately require a classical
output [Dal+25], such as the quantity shown in Eq. (1). To make this concrete, consider a simple
example: if f represents an inverse function and p is a pure state that encodes a data vector, this
setup corresponds to the well-known quantum linear systems problem [HHLO9]. If the observable O
is taken to be a local measurement, then the resulting quantity gives a marginal of the solution to the
linear system. More generally, expressions like Eq. (1) can be used to extract spectral information
about a target matrix A.

Our main result is an algorithmic framework to return the quantities in Eq. (1) given the ability
to Trotterize A.

Theorem 1 (Informal version of Theorems 22 and 25). We give algorithms to

estimate Tr[p f(A)] and Tr[ f(A)pf(A) O] 1o additive precision,

whenever given a Fourier approximation to the function f, and ability to Trotterize A. The algorithms
use a single ancillary qubit.

The finer details of the complexity depends on the properties of the function of interest, f, and
are presented in Theorems 22 and 25. Generally, both algorithms require O(1/£?) samples from
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quantum circuits to estimate both quantities to additive precision &, with additional factors again
depending on the function. In the next two sections, we elucidate the complexity of our algorithm
by comparing the complexity of our core primitive with prior work, and instantiating two examples
for physical problems.

1.4 Tools and Complexity Comparisons

Our main algorithmic tool is to apply Richardson extrapolation to Trotter circuits. The idea is simple:
simulate the system at multiple step sizes 6; = s;T, then combine the results using a carefully chosen
linear combination that cancels out low-order errors. With m such simulations, this technique can
suppress errors up to order O(6™*!), leading to significantly more accurate estimates.

This approach is well-suited to early fault-tolerant (EFT) quantum devices. Instead of requiring
deeper circuits to achieve higher accuracy, Richardson extrapolation reduces quantum depth through
classical post-processing—trading more samples for shorter circuits.

To apply Richardson extrapolation with analytical guarantees, we require a series representation
of time signals of the form Tr[pe!AT1] and Tr[e/AT pe~AT20] where the leading order term is the
Trotter approximation, and the Trotter error appears as a power series in the inverse Trotter step
number, % This expansion must have bounded coefficients to ensure the stability and convergence
of the extrapolation procedure. In Lemma 7, we rigorously prove that this well-behaved power series
exists and that its coefficients are indeed bounded under reasonable assumptions.

This work builds upon and extends recent developments by [WW24], who rigorously analyzed
the use of Richardson extrapolation to reduce Trotter error in time-evolved expectation values. Their
analysis demonstrated that circuits of depth

o0 (Tl“/p polylog(l/e))

suffice to achieve error €, representing an exponential improvement in precision over product
formulae alone. We extend their analysis to our target task of evaluating matrix functions.

We also acknowledge the recent work by [Cha+25], which introduces a more general primitive
that subsumes our approach. Their framework allows for the systematic elimination of errors in
arbitrary interleaved sequences of unitaries and Hamiltonian evolutions, and it recovers standard
QSVT as a special case. While their method is more general, our results offer a simpler instantiation
of these ideas in the specific context of Trotterized quantum simulation, with practical advantages in
circuit depth and ancilla overhead.

We benchmark our primitive for the task of compiling a time signal Tr[pe to additive error &.
This is a central primitive that appears in early fault-tolerant algorithms for matrix function. Before
moving onto a comparison of our work against other, let us start by introducing some notation.

iAT]

Definition 2. We consider a time-independent Hamiltonian H, expressed as a sum of I local terms:

r
H=)H,.

=1

It will be useful to define two key quantities:



» The term count I', which controls the number of summands in the Hamiltonian decomposition.

» The interaction strength A = 5:1 \[H, ||, which is the sum of the strength of individual
Hamiltonian terms.

These parameters naturally appear in the cost of Trotter-based simulation algorithms.

thod ancillary max deptE per sample sample overhead | commutator
fetho qubits o) o() scaling?
Qubitization ( log(1/¢) ) 2
log(I') +3 I'AT + ————— 1
ez | g log log(1/2) /e
Product formulae 1 F(Qégr;rlg)l/ pr!*p 1/ 2 %
[Chi+21] gl/p ¢
Random compiler 272 2
[WBC22] ! AT l/e
loglog(1/g))?
Our work 1 I' (AcommT) /P 1og(1/¢) (log ogg [£)) v
P

Table 1: Complexity comparison for the task of approximating a time signal Tr[pe’H7]. In order to allow
comparison with the random compiler of [WBC22] we have assumed that the Hamiltonian is given as a linear
combination of I' Pauli matrices. The quantity aéfrgél) < %(ZA)PJrl is a sum of nested commutators, and

Acomm < 4TI is constructed from sums of nested commutators.

While qubitization achieves the best asymptotic scaling in terms of precision, we argue it is not
likely the strongest candidate for early fault-tolerant (EFT) devices. This is due to the confluence of
a few properties: qubitization has a larger space overhead, it requires complex multi-qubit-controlled
gates, and (to our knowledge) there are not currently ways to improve its gate complexity by
exploiting physical properties of the Hamiltonian such as locality. Product formulae, on the other
hand, can be hardware-friendly and can take advantage of commutator scaling, often performing
well in practice. However, they suffer from exponentially worse scaling with respect to the target
error. The randomized algorithm proposed in [WBC22] (built in the spirit of gDRIFT [Cam19] yet
distinct and catered specifically for this task) sidesteps the exponentially worse error dependence,
and is unique in having no dependence on the number of Hamiltonian terms I". However, this comes
at the cost of forfeiting commutator scaling and incurring a quadratic scaling with evolution time.
Further, we note that the approach of [WBC22] requires a decomposition of A in the Pauli basis,
which may not always be efficiently obtainable or be the most useful decomposition. In contrast, our
approach works as long as A can be decomposed into efficiently simulable Hamiltonians, which is a
more general data access assumption.

Our algorithm retains the advantageous properties of product formulae—such as no additional
space overhead, subquadratic scaling in the time parameter 7', and a commutator-sensitive error
structure—while achieving additive error € using circuits of depth that scales sub-polynomially with
1/&. This yields an exponential improvement in precision dependence compared to standard Trotter
methods.



1.5 Applications

We instantiate our algorithms for two tasks: phase estimation and estimating Green functions in
many-body physics.

1.5.1 Phase Estimation

In phase estimation, the goal is to compute the ground energy Ey of a given Hamiltonian H. We use
the early-fault-tolerant approach proposed by Lin and Tong [L.T22] in which we approximate the
Heaviside function using a Fourier series approximation. The key idea is the Heaviside function
serves as a filter for eigenvalues, and prepares a cumulative distribution function corresponding to
eigenspectrum, weighted by p. Thus, by probing values of the (approximate) Heaviside function,
one can determine the ground state energy by finding the first jump of the cumulative distribution. It
is important to note that Lin and Tong [LT22] specify their algorithm in terms of time evolution
oracles, and it is necessary to instantiate it. We instantiate their oracle with our primitive, and
compile the cumulative distribution function in a randomized fashion, which competes with the
fully randomized algorithm of [WBC22].

We directly apply our primitive from Algorithm | to implement the cumulative distribution

function, _ _
C(x) =Tr[p®xI —kH)]

where O is a filter that approximates the Heaviside function. More details are provided in Section 4
but our main results are in the following theorem.

Theorem 3 (Phase estimation (informal version of Theorem 31)). The ground state energy estimation
problem can be solved to precision € and with success probability at least (1 — §) using the above

algorithm with resources
B /lcomm (1+1/p)
Cgate =0|I ( )

€

~(1
Csam le = o (_)
P 772

where Acomm is the commutator and U is the number of terms in the Hamiltonian decomposition
used for Trotterization.



thod ancillary max depth per sample sarllples commutator
etho qubits o) o) scaling?
ET-U + Qubitization
Q [DL(")F22' LC17] [log(I")] + 3 I'A/e 1/n
QET-U + Trotter | . e |7 (1)) y Y
[DLT22] 7 o d
Random compiler
[WBszZ] ! /e L’
Aeomm (1+1/p) )
Our work 1 r 1/n v
>

Table 2: Phase estimation complexity comparison. For Hamiltonian H = 25:1 he, A = le::l |aell,
n = Tr[pIlp] the initial state overlap, Acomm < 4A defined in Lemma 9. We have assumed constant order p.

We contextualize our phase estimation algorithm with other reading approaches in the literature
in Table 2. We compare our algorithm with a refined early fault-tolerant approach, QET-U, where
time evolution is instantiated with qubitization [LC17] and Trotter formulae. We also compare our
algorithm with the randomized compilation approach of [WBC22]. In a similar comparison of
our method with other modern approaches, we observe the following trade-offs. While QET-U
+ Qubitization achieves the best asymptotic circuit depth, it is not early fault-tolerant due to its
logarithmic scaling in the number of ancillary qubits. QET-U + Trotter, on the other hand, retains
commutator scaling and requires only a single ancilla qubit, but introduces an additional scaling

1/p
overhead of (%) . The Random Compiler method loses commutator scaling entirely and exhibits
quadratic scaling with respect to 1/¢.

Our approach combines the most favorable aspects of these techniques: it is early fault-tolerant,
preserves commutator scaling, and achieves subquadratic scaling in 1/g, albeit at the cost of

quadratically worse sample complexity.

1.5.2 Green’s Function

Green’s function characterize how a quantum system responds to external perturbations and is
essential for determining spectral properties such as excitation energies. In quantum many-body
physics, the Green’s function provides detailed information about the system’s dynamical behavior,
including how particles propagate and interact over time. It plays a central role in predicting
measurable quantities like absorption spectra, density of states, and lifetimes of excited states. To
obtain the Green’s function, we estimate the resolvent operator, defined as

R(w + iTbroad, ﬁ) = (w + il'broad — ﬁ)_l’

where H is the system Hamiltonian and w is the energy variable. A small positive broadening
factor (I'broag > 0) 1s introduced to shift the poles of the resolvent into the complex plane, ensuring



numerical stability and convergence. This allows for a more tractable approximation of the Green’s
function.

We apply Algorithm 1 to implement the Linear Combination of Unitaries /& (w + iTproad — H) ™!
approximation of the resolvent operator R(w + il proad, H)

Theorem 4 (Resolvent estimation (informal version of Theorem 35)). The resolvent operator
R(w + i(lproads I:I) = (w + i1Uproad — ﬁ)_l

can be estimated to additive error € and with success probability at least (1 —0) using the randomized
Richardson algorithm with resource costs

1+1
= Acomm P
ate — r
Cg : 0 ( (Fhmad) )
< 1
Csample =0 (—)

where an,x is the maximum expansion coefficient, Y is the truncation factor, Acomm 1S the commutator
bound, and Tpya4 is the broadening parameter.

1.6 Refinements and Extensions
1.6.1 Partial Randomization

The most relevant early fault-tolerant alternatives to Algorithm | are randomized Hamiltonian
simulation methods, such as those in [WBC22]. These methods avoid explicit dependence on the
number of Hamiltonian terms L by introducing randomness into the simulation steps, with costs
that scale with the operator norm A = ||H||;. However, when A is dominated by a few large terms,
performance can degrade.

Our approach refines this idea by combining Richardson extrapolation with partial randomization,
as developed in [Gilin+25]. This yields a hybrid scheme that interpolates between deterministic
Trotter formulas and fully randomized strategies, enabling flexible tradeoffs between dependence on
e~ !and A.

In standard Trotter methods, the cost scales linearly with L and favorably with ™!, but becomes
impractical when L = O(N%), as in many electronic structure problems. Randomized product
formulae eliminate the dependence on L, but their cost scales as O(/lzt2), which can be suboptimal
when A is large.

By decomposing the Hamiltonian into a few dominant terms treated deterministically and a long
tail of small terms handled randomly, we balance the strengths of both approaches. Embedding
this decomposition into a Richardson extrapolation framework allows systematic error suppression
while keeping circuit depth low.

We now state an informal version of our main theorem, summarizing the resource complexity of
estimating Tr[ Ze'f'T] with this method:



Theorem 5 (Extrapolated partial randomization (informal version of Theorem 38)). The quantity
Tr[ZeHT], for an observable Z with || Z||1 < 1, can be estimated to additive error & and with success
probability at least (1 — 8) using Algorithm 4, with resources

3 5 I+9 20
Cgate =0 (LD (amax Y Acomm T) P+ /lRT )

~(1 1
Csample =0 (; lOg (5))

where Lp is the number of deterministic (Trotterized) terms, Ag is the total weight of the randomized
tail terms, and Acomm is the commutator bound for the deterministic portion.

1.6.2 Exploiting Fixed Fermion Number

For systems confined to an n-fermion subspace, we can improve our analysis by using the fermionic
semi-norm. In this context, the operators preserve the number of fermions, meaning they map states
with exactly n electrons back to states with the same number of electrons. As a result, the gate
complexity depends on the fermionic semi-norms of nested commutators rather than more general

norms. Although the overall bounds remain similar, they are now expressed in terms of a specialized

quantity /lgzznm, which is derived from a tighter parameter aégl)nm that is strictly smaller than the

original @comm, as shown in earlier studies [MCS22; SHC21; Low+23]. We present the explicit
form of /lggfnm in Section 7.

1.7 Discussion

Our current results open several promising directions for future investigation. One key question lies
in improving the sample complexity of our simulation protocols. In particular, for one-dimensional

systems, the current scaling is
1 1\)\*
Csample = O — |loglog | - ,
£ &

which, while nearly optimal in &, still includes a (loglog(1/ €))* overhead. A natural question is
whether this can be reduced to (loglog(1/ €))? by extrapolating directly over functions of the form
Tr[e™HT p e7HT" O], rather than expressions like Tr[Ze'AT].

Another important direction is to see if further useful properties of product formulae also hold
for extrapolated product formulae. It is known that product formulae perform better on input states
that lie in the low-energy subspace [SS21; HZA24; MK25]. Whether the same applies here is an
open question which we leave for further exploration.

Finally, while asymptotic complexity captures scaling behavior, the practical performance of
quantum simulation algorithms often hinges on constant factors hidden in the big-O notation. A
deeper analysis of these constants—especially in the prefactors of Trotter errors or extrapolation
bounds—can lead to more precise performance estimates. One pertinent question is in what regimes
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does our extrapolated Trotter primitive concretely reduce the gate count compared to Trotter formulae
on their own? To give a full answer to this question requires additional numerical work to see how
far extrapolation schedules can be optimized. This level of detail will be essential as we move from
theoretical frameworks to practical algorithms implementable on near-term quantum hardware.

2 Series expansion for time signal

In this section, we derive a series expansion for the time signal under the Trotter formulas. Our goal
is to express the time signal as a power series in the inverse Trotter step number 1/r. This series
expansion will be the key tool used for Richardson extrapolation. We start with the variation of
parameters formula:

t
e(A+B)t — eAt +/ eA(l_T)Be(A+B)TdT, (2)
0

and then use the following lemma from [WW24, Lemma 2].

To analyze general Trotter-like methods more systematically, we consider the class of product
formulae known as staged product formulae, which encompass both Lie—Trotter and higher-order
Suzuki formulas.

Definition 6 (Staged Product Formula [Chi+21]). A staged product formula P(t) is an approximation

to e of the form
Y r
P(t) = H rl e~ awy) Hry )| 3)

v=1 y=1

where:
* Y € Z* is the number of stages,

o I € Z* is the number of terms per stage,

a(v,y) € R are real-valued coeflicients,
* 1, € St are permutations,
* and each H; is a term in a decomposition H = Z};l H; of the full Hamiltonian.

This formulation enables a structured sequence of exponentials that can be tailored through the
choice of a(,,) and 7,,. The order of a product formula refers to how well it approximates e ~"#" in
the small-time limit. Specifically, a formula is said to be of order p € Z* if it satisfies

P(r)—e M = 0(P*!) ast — 0. 4)

In what follows, we use this formulation to express the approximation error of such formulas as
a power series in 1/r, and thereby facilitate the use of extrapolation techniques.
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2.1 Error Expansion for Time-evolved Observables

Lemma 7 (Effective Hamiltonian Error Series ((WW24], Lemma 2)). Let P be a staged product
formula with coefficients a, ) of order p € Z,, and let Heg be the effective Hamiltonian of P
defined by the relation

?)(t) — e—itHeff(t) ,
fort € R. Suppose that there exists a J € Z, and C € Ry such that
SUP @ (amax Y1) < C,
j=J

With amax ‘= MaXy y|a ()| and Y as the number of stages of the staged product formula. Then the
effective Hamiltonian can be written as a convergent series

Heg(1) = H + Z Ejnt,
J=1

where
n

= DS 7 et o)

J i=1

andn = YI"wherel" is the number of simpler Hamiltonians that H . is broken into (so H g = le;l H;).
Moreover, E; satisfies the bound

(amaxY)j ()

”E j ” < P comm -*
For convenience, we express the Magnus expansion Hamiltonian as
Her (1) = H+ A1),

where A(s) = Z;’;l E;41(sT)’and H is the Hamiltonian of interest that we are trying to simulate.
We apply the variation of parameters formula (Eq. (2)) on this Heg expression to write:

t
eitHeﬂr(t) — eth +/ ei(t—T)HiA(x)eiTHeﬂ‘(t)dT'
0

We use this formula to prove the following lemma.

Lemma 8. Let P be a staged pth order product formula. Then
P(t) — e—i[Heff(t)

be the approximate evolution operator for duration T € R and Trotter step size t = sT, with s = 0
defined via the limit. Suppose that there exists a J € Z, and C € R, such that

sup @) (amax Y|sT]) < C,
j=J

12



WIth Qmax = maXU#la(U,y)L Let o0 =2 if P is symmetric, 1 otherwise. Then for any K € Z., the
approximation error in P (sT) compared with the exact evolution may be expressed as

Tilp(P () =" = Y ITelpE k(D] + TelpFy(T.5)).
JjeEoZi=p

Here, E j+1.k(T) and Fx (T, s) are operators whose spectral norm ||-|| is bounded as

min{K-1,1j/p|}

- . YTZ l (Je+1)
1Ej+1 (D)l < (amax YT) Z (amax YT)" Z ( Qeotom

! ; 2
=1 [ J1.j1€E0Ze>p (et 1)

Jittji=j

k=1

min{K-1,1j/p|} (amax YT A; /!
T ’

=1

= YT)K . K (et
”FK(T, S)” < M Z (amastT)J Z (l_[ @comm '

' . 2
K! JjE€EOZ=Kp J1.JKETZi2p \k=1 (JK + l)
JtiK=]
Note that
r
(Jet+l) _
Cl’COl’nl’l’l -
Y1Y2 Vi =1
Where we have denoted
l (et \1/(+D)
/1 . — acomm
Jl= P E—— e
j]...j1€O'Z+Z[7 k=1 (-]K + )

Jitetji=j

Proof. Recall from [WW24, Lemma 3] that a pth order staged product formula has error operator
A(S) = Yjecoz,op Eje1 (sT)’ wher o = 2 if P is symmetric, 1 otherwise. Using the variation-of-
parameters formula, we can iteratively substitute the same formula into itself multiple times. Doing
so K € Z" times, we can write the following:

oI THerr(s) — ,iHT

. )
K-1 T T1 TI-1 . . . .
+ Z / dr / dry- - / dr " THA () THA(s) ./ T1mH A (5) T
= Jo 0 0
(6)
T T] Tp-1
+ / dr / dry- - / dTKei(T_Tl)HiA(s)ei(T'_Tz)HiA(s) ... ei(TK*I_T’()HiA(s)eiTKHe“(s).
0 0 0
(7

13



Taking line (6) and expanding the definition of A(s),

K_l T Tl T[_l . . . .
Z / dTy / dry- - - / drie! THA(5) e/ MTHiA(s) ... T A(5) T
— Jo 0 0

1

K-1 T T] TI—1 ) ) )
= Z / dt / dry--- / dT 1_[ Z e’(TK“_TK)HiEjKHtJ” e
— Jo 0 0

k=l jKEO'Z+Zp

eiHTl

b

K-1 T 71 TI-1 ) 1
:Z/ dn/ de---/ an| > 0 > ][] TMiE,
= Jo 0 0

jeoZizpl  jr1...ji1€0Zizp \ k=l
Jite+ji=j

where we have denoted 79 = 7. We now reinsert ¢ = sT, and make a change of variables s; = 7;/T.
This gives

k-1 | 5 St . 1
Z Tl / dsl / dS2 .. / dsl Z (ST)'] Z (n el(Sk—l_Sk)THl-EjK+
—~Jo 0 0

JEOTZi2Zpl J1---J1€ETZy2p \ k=l
it

eiHslT.

Next, we regroup the sum according to the degree of s, which yields

mln{K LLj/pl} 4 L '
Z (sT)’ Tl/ ds1/ dsy- - / ds; Z l—le’T(s”‘l_S“)HiEjKH et
JEOZy2p Ji-j1€0Zyzp \ k=l
Jite+ji=j
= Z sTE 1 k(T).
JjeEoZi=p
Here, we have defined
Ejnx(T) =
min{K - 1LJ/pJ} 4 L _
T]+l/ ds1/ dsy- - / ds; Z ne’(sk"_S”)THiEjkﬂ eSITH ()
J1---Ji1€ETZy2p \ k=l
St
iTtH

We now want to put bounds on the norm of E j+1,k- Using the triangle inequality, unitarity of '™,
and evaluating the remaining integral,

mm{K LLj/pl}

1 rar k(T < T’”/ [ ) e

min{K—1,1j/p|}

. T!
<T/ Z o Z

I=1 1 JIECZyzp
Jite+ji=j

]_lnE,KHn

Ji.. JIGO'Z+>P
Jit+ji=j

ﬂnEmln

14



Applying Theorem 7,

l

H af(jk+1) (amaxY)jk-'-1

oG 17

min{K—1.[j/p|} T!

n
=1 J1---JIECZy2p
Jrrtis]

min{K-1,1j/p|}

~ (amax YT)! e
OO D) (ﬂ <JK+1>2)

=1 J1--J1€0Zyzp \k=1
Jite =]

|E ;i x (T < T’

k=1

So far we have considered the terms in line (6). We now consider line (7), which we will denote as
Fx(T,s). Applying the triangle inequality and utilising unitarity in a similar manner as above, we
can check that the operator norm of Fi (T, s) is bounded by

. Tk
| Fg(T,s)| < FIIA(S)IIK

K
K
<=l D IElGT)
jEG’Z+ZP
TK K . .
=& 2 ([ nEean) oy
’ J1---JKE€TZy2p \k=1
TK .
<= D, DI ) 1_[||E,K+1||
" jeoZ=Kp Ji-JKk€0Zy2p k=1
Jittjk=]

2.2 Extrapolation Error Bound

In this subsection we characterize the extrapolation error, assuming exact computation of Trotterized
time series. We first state a lemma which bounds the extrapolation error for any Richardson
extrapolation scheme for any Hamiltonian assuming the conditions of Lemma 8.

Lemma 9 (Generic Richardson extrapolation error for time signal). Let P be a staged pth order
product formula of symmetry class o as Definition 6. For a target evolution time T let

Py (T) = me”‘k(sm

denote an m-term Richardson extrapolation, with ascending sequence of Trotter steps ry =
1/sy € Z4, which cancel the powers 57, s7-, 2 .. s7m=D Then the error in the extrapolation of a

15



Trotterized time signal, as compared to an exact time signal, satisfies

+1

T;, l)j

a XY/I
[Trlp(P (™) = D < 1Bl )" s Z T

]GUZ+
j=om

for any quantum state p, where ||b||1 =i lbil, K = [Tm-‘ and we denote

L Ut \1/G+)
= ‘= comm
’G‘f;zzf;?m J1.-1€0Zy2p k=1 (Je+ 1)
o Jit+ji=j

Proof. From Lemma 8, recall we have the error series in s as

Tr[p(P(sT) = ™) = > §ITe[pEje1 k(T)] + Tr[pFx (T, 5)],
JEOZi2p

for any K € Z., with ||Fx (T, s)|| = O(s%P). Richardson extrapolation with m terms removes all
terms of size up to and including O (s”"~1) in the series. In particular, if we choose K such
that Kp > o(m — 1) then the m-term Richardson series only cancels terms in E. Concretely,

choose K = [om/p]. We denote the the Richardson extrapolation of P!/$(sT) as P;ff,l(T) =
Z’,?:l by P /s« (sxT'), where by, are the extrapolation coefficients, and write the extrapolation error as

Tr[p(Pyn(T) = €)1 = > bellRo(n1) (T, sl

where R (,-1)(T, si) denotes the Taylor remainder of degree o-(m — 1) satisfying

Ry (m-1)(T, si) = Z s Ep1k(T) + Fx(T, s1)
JeETZy
jzom

for each inverse Trotter step sx. The Taylor remainder for inverse Trotter step s has size

[R50l < D sLUE (DI + | F(T 550

JETZy
j>om
K- 1 Jj+K
Z Z amaxY/lcommTJl) + Z amafolcommT]l)
K!
JEOZ, =1 jeozZ, )
Jjzom J=Kp
K j+l
j (amaxY/lcommTj,l)
- %43 |
k [
jeoZ, =1
j=om
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where we have used Lemma 8, denoted 4, ; as in the statement of this Lemma, and in the final
inequality have extended the sum in the second term to start at the smaller value j > o-m and merged
the sum over /. We remark that in the final bound the second term is wholly independent of s, and
thus the largest bound of remainder terms comes at inverse step number s;. Using this fact and
Holder’s inequality, the size of the error can be bounded as

Z amaxY/lcommTj,l)jH

[Telp (P (T) = D] < 1B max [Rouny (T.s)| < 1Bl ), s g

JjeoZy I=
j=om
where we have denoted b := (b, .., by,) as the vector of extrapolation coefficients. O

We then simplify the Richardson extrapolation error bound by adding a lower bound on the
number of Trotter steps required.

Lemma 10. Adopt the setting of Lemma 9, and choose the largest inverse Trotter step number sy
such that siamax Y dcommI < 1/2. Define n := max{l, amax YT Acomm}. The m-term Richardson
extrapolation error for a staged pth-order product formula of symmetry class o is bounded as

ITe[p (PR (T) = e™T)]| < 4115111 7771 (51 amax Y AcommT) "™ .

Proof. We continue from Eq. (2.2) of Lemma 9. Note that

j+l K !
Z (amaxY/lcomm ) < (amaxY/lcommT)j Z (amaxY;l'commT)
=1 )

< (amaxY/lcommT)j TIK(e - 1) .

Thus, the sum over j in Eq. (2.2) can be bounded

'YA JH ' '
Z Z (Clmax comm ) < UK(e — 1) Z s{ (amaxY/lcommT)]

JEOZy = JEOZy
Jj=om Jj=om

= UK(e = 1) (s1@max Y dcommT) "™ Z S{ (amaxY/lcommT)j

JEOTZy
Jj=0

1 J

< UK(e - 1) (SlamaxY/lcommT)Um Z (5)
7.
7%

< 477K (SlamaxchommT)o-m .
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2.3 Well-conditioned Extrapolation Strategy

We now adopt the extrapolation strategy from [LKW19] to obtain an approximation with error
O(log(m)s*™) = O(s™), using coeflicients whose condition number grows only as O (log m).

Lemma 11. (Well-conditioned Richardson extrapolation [LKW19] (Lemma 5 in [WW24])) Let
f e C?*2([-1,1]) be an even, real-valued function of s, and let P ;i and R; be the degree j Taylor
polynomial and Taylor remainder, respectively, such that f(s) = P;(s) + R;(s). Let

FO(s) = > bif(si)
k=1

be the unique Richardson extrapolation of f at points s1, s, . . .Sy given by
s V8m/n
Sp = — = - . k € 1,...,m,
k qr dk = {scale [sm(ﬂ(2k _ 1)/8m) { }

where Gscale € Zy satisfies m < qr/qscale < 3m? [LKW19], and by, given by

2

b X;
k n ’
x? —x?

itk i k

Then, the extrapolated function satisfies
m
F(s) = f(0) + > biRom(sc) .
k=1

and ||b||; = O(log m).

With this better defined extrapolation strategy, we can further refined our error bound as provided
in the following lemma.

Lemma 12 (Richardson extrapolation error with well-conditioned extrapolation). Denote the
extrapolation error using Richardson extrapolation as g as

£g 1= (Tr[pe””] ~Tr[p PR .

We suppose that Pl(,fi,)l(T) is constructed using the well-conditioned extrapolation strategy of Lemma
11. With this, to obtain extrapolation error eg < € it is sufficient to run m = O (log(1/¢)) different

extrapolation circuits, each with a maximum of O ((amaXY/lcommT)(Hl/ P) log(1/ 8)) Trotter steps.
Proof. For the extrapolation error, recall Lemma 10 gives

ER < 4”5”1 n[gm/p] (SlamaxY/lcommT)o-m >

18



where 7 := max{l, amax YT Acomm}. Using the extrapolation strategy of Lemma 11 with a large
enough rgc,41e We can ensure that apmax Y Adcomm?” > 1. Similarly we can use this to set € such that we
have the bound

er < 4Bt 7™ (amax Y AcommT) 7" H17P1 < g,

which implies that a sufficient base Trotter step number is anything satisfying

1

1 [em] (4]B]1| 7"
ry = 1/S1 > (amaXY/lcommT)l‘*‘(,m’r P -‘( ”8”1)

As (1/g)1/10¢(1/2) = O (1) we can take m = O(log(1/¢))
ri=0 ((amaXY/lcommT)(l-'-l/p))
and thus the largest number of Trotter steps satisfies

re <3mry =0 ((amaXY/lcommT)(H]/p) lOg(l/S)) .

3 Randomized algorithm for matrix functions

We now present and analyze a randomized algorithm to estimate Tr[Z f(A)], where Z is an
observable with bounded Schatten 1-norm ||Z||;. In many cases, it is natural to take Z = p, a
quantum state. This algorithm forms a central building block for estimating more complex quantities
such as Tr[ f(A)p f(A)TO], which arise in applications our applications of Phase Estimation and
Green’s function estimation.

3.1 Generalized Error Series and Error for Bounded Observables

Before introducing the main algorithm, we generalize the results from Lemmas 8 and 12 to a more
general operator Z instead of p. Therefore we get the following lemmas:

Lemma 13 (Observable error expansion for staged product formulae). Let P be a staged pth-order
product formula of symmetry class o € {1,2}, and suppose the effective Hamiltonian expansion
assumptions of Lemma 8 hold. Let A = Zgzl H, be the Hamiltonian of interest, and let Z be an
observable. Then for any s € R and any integer K > 1, the observable expectation value satisfies
the expansion

Tr (2P =Tr[Ze T+ > 7 Te[Z Epy k(D)) + Te [Z Fi (T, 5)]
jeoZi=p

where the operators E_/H,K(T) and Fx (T, s) as defined in Lemma 1 3.
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Note that Lemma 13 follow very directly from the proof of Lemma 8, since this original proof is
independent of the properties of the operator. Similarly, we also derive the following corresponding
lemma to bound the number of Trotter steps.

Lemma 14 (Richardson extrapolation error for general observables). Let Z be an observable of

an O(1) Schatten 1-norm ||Z||; and suppose that P},ff,l(T) is an m-term Richardson extrapolation
constructed from a staged pth-order product formula P of symmetry class o, using the well-
conditioned extrapolation strategy of Lemma 1 1. Denote the extrapolation error as

ER = )Tr [Z eiHT] - Tr [Z P},{f,i(T)” .

Then, to obtain error g < &, it is sufficient to run m = O(log(1/¢)) extrapolation circuits, each
using at most

1
o ((amIX Y Acomm T) 7 log (1/8))
Trotter steps.

Proof. The proof parallels that of Lemma 12, replacing the quantum state p with a bounded
observable Z in the trace expression. The key observation is that all bounds in Lemmas & and 9
depend on the operator norm of the effective Hamiltonian series and not on properties specific to p.
Since Z is bounded and appears linearly in the trace, from Lemma 13 we get that:

Tr[ZPV(sT)] = Tr (2] + > s/ Tr [Z Ejuix(T)] + Tr [Z Fy(T, 5)] .

j€0’Z+2p

Applying the same analysis as in Lemma 10
ER = ‘Tr |z PI/S(ST)] —Tr [ZeiHT]‘ <e
= ‘Tr [Z (Pl/s(sT) - eiHT)]‘ <eg
= |Z|| - HSDI/S(ST) - eiHT“OO <e (Holder’s inequality)
= 4ZI 1Bl 7T (s1max Y deommT) " < &

With n := max{1, amax YAdcomm?}. Using the extrapolation strategy of Lemma 11 with large
enough rg e We can ensure we can fix a long-time regime such that apmax Y dcomm? > 1 thus
N = dmax Y AdcommT - .

Now given this expression and considering that ||b||; = O(logm) and m = O(log(1/¢)), we
find to bound €3 < &:

AZN 1151157 (amax YAcommT) /P < &
L 4IZI Bl (@max Y AcommT) 7" P17

si”" - £
Loy
1 A ZI el L ram
i (— (s YAcomnT) 505
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Since we consider || Z]|; = O(1), m = O(log(1/¢)), and ||l;|| = O(logm) = O(loglog(1/¢)), then
ll/(loga)

&

= O(1), we get that as the base Trotter step count:
ri=0 ((amaXY/lcommT)Hl/p)
And thus the largest number of Trotter steps satisfies

re <3mr; =0 ((amaxY/lcommT)Hl/p log(l/g))

. 1 :
Remark 15. Note that in general xx = exp (me)’ S0 we can write

1

HZIBI| ™ _ o (InGIZILIBID + In(1/er)
ER om
In(4||Z|1 |5 1
= exp w+—) since m = clog(1/g))
om co
_(m@zi) +m 5] 1)
= exp + —
om co
In(4||Z O(logl 1
_ exp [IM4I1ZI1)  OClog ogm)+_)
om om co

Thus the step complexity remains the same as long as ||Z||; = O(log1/¢g)

Remark 15 will be useful in Lemma 24.

3.2 Richardson Approximation of properties of /(A)

To motivate our algorithm, we first describe how to approximate properties of f(A) using Richardson
extrapolation combined with a truncated Fourier series.

Let A = 25:1 H, be a Hermitian operator (e.g., a Hamiltonian), and consider a function
f :R — C. We approximate f(A) by truncating its Fourier series expansion to K terms:

K

FA) =~ fi(A) = ) cxe, ©)

k=1

where the coefficients ¢, € C and time parameters 7; € R depend on the desired approximation
accuracy, specifically on the Fourier truncation error

ep = [Tr[Zf(A)] = Tr[Z fx (A)]].
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We denote the maximal frequency by

T := max fty,

1<k<K
and the vector of Fourier coefficients as ¢ = (cy, ..., ck) with £;-norm
K
c:=Elh =) lexl.
k=1

Each exponential ¢/4’* is then approximated using an m-term Richardson extrapolation based on a
p-th order product formula #:

m

Ak Z bj Pl/xj(sj'l‘k),

Jj=1
where the coefficients b; come from a well-conditioned Richardson extrapolation scheme, and the

s; are scaling parameters (e.g., step sizes). We define the fully discretized Fourier-Richardson
approximation as

K m
fem(A) = 7" b PV (sj10). (10)
k=1 j=1

For convenience, denote

Z:=

m
Zlckbjl-

K
k=1 j=1

Since the coefficients factorize as

K m
z:(2|ck|) > Ibjl | = O(clogm) (11)
k=1 j=1

where the O (log m) factor arises from the growth of the Richardson coefficients {5} (see Lemma 11),
we obtain a clean bound on the normalization constant Z. This normalization plays a crucial role in
constructing probability distributions for randomized sampling in our main algorithm.

3.3 Main Algorithmic Primitive

We now present our main randomized algorithm for estimating quantities of the form Tr[Z f(A)].
Rather than implementing a linear combination of quantum circuits directly, we estimate the target
quantity by collecting samples from a family of circuits, chosen according to a carefully designed
classical probability distribution. Each circuit corresponds to a single term in the expansion of
f(A), and we use Hadamard test circuits to collect real and imaginary components of individual
trace contributions. The final estimate is obtained by averaging over many independent samples.
The exact analysis of our algorithm is provided in Theorem 21
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Algorithm 1 Randomized Algorithm for Estimating Tr[Z f(A)]
1: Classical Preprocessing: Compute the probability distribution:

2: for i = 1 to Csample do
3: Sample an index pair (k’, j') from the classical distribution
4: Prepare the Hadamard test circuit corresponding to:

k' "
. XI({G) =Re [Tr (ZPI/SJ (sjrtk/))]

K’ "
o X0 = Im [T (21 (s ) |

5 Collect one measurement outcome (a single-shot sample) from each circuit
6: Let X(*) = X}g; ) + iXI(rﬁ) be the resulting complex-valued sample

7: Multiply X <) by llck b |1 - sign(ci b ) and store the result

8: end for

9: Return: iy, the sample average over all Csample values

Note that step 4 of Algorithm 4 may not always be physically possible depending on the form of
operator Z. In this work, we specialize to two choices for the operator Z in the above algorithm.
The first case is when Z corresponds directly to a quantum state, which allows straightforward
preparation of the necessary circuits via Hadamard tests. In this case the analysis follows quite
cleanly as now only ||Z]|; = 1.

The second case arises when Z can be decomposed as Z = OUp, where U is a unitary operator,
O is an observable, and p is a quantum state (in this case our Trotter circuit # corresponds to U).
We describe the circuit preparation for Step 4 of Algorithm 4 in the following subsection.

3.3.1 Explicit Circuit Preparation

In this subsection we describe how to prepare Step 4 of Algorithm 4, when Z = OUp, where U is an
implementable unitary operator, O is an observable, and p is a quantum state. This decomposition
enables the construction of the Hadamard test circuits by leveraging known methods for preparing
and measuring these components. We show and prove the constructions of the circuits in the
following lemmas.

Lemma 16 (Estimating Re (Tr[OU 1 pUg] )). Let p be a quantum state, and let U1, U, O be unitary

or bounded operators with O = O'. Then, the expectation value
Re (Tr[OUlpU;])
can be estimated using the quantum circuit that prepares the real part of the trace by:
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* [Initializing the ancilla in |+) with a Hadamard gate,

* Applying a controlled-U, (when control is |1)),

» Applying an anti-controlled-U, (when control is |0)),

* Applying the observable X ® O and measuring its expectation.

Proof. We can trace the circuit after each gate to verify its outcome:

1
[+) (+|® p = 3 (0)O|@p+|1){1|®@p+|0){1|®p +|1) (0] ® p) (initial state)
1
~ 3 (10001 @ o+ 11 1@ UipU] +10) (11 ® pU] +11) (0 ® Uip)
(apply controlled-Uy)
5 (10) 01 @ UspU3 + 1) (1] @ UrpUS +10) (1] ® UnpU] + [1) (0] ® U1 pU} )
(apply anti-controlled-Us;)

N =

> Tr [(X ®0) - % (|0> (11 ® UnpU] +11) (0] ® Ulpug)]

(apply X ® O and take trace)
- % (Tr[OUszj] + Tr[OUlpUz*]) (O Hermitian)
= Re (Tr[OUszI(])
= Re (Tr[OU 1 pU;( ]) (By cyclicity of trace)

O

Lemma 17 (Estimating Im (Tr[OU 1 pUg] )). Let p be a quantum state, and let Uy, Uy, O be unitary

or bounded operators with O = OF. Then, the expectation value
Im (Tr[OUlpUg])
can be estimated using the following quantum circuit procedure:
* Prepare an ancilla qubit in the |+i) = %(l()) + i |1)) state (e.g., by applying S then H to |0)),
* Apply a controlled-U; with the ancilla as control,

* Apply an anti-controlled-U,,

* Measure the observable Y ® O, where Y acts on the ancilla.
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Proof. We can trace the circuit after each gate to verify its outcome:

1
|[+i) (+i| ® p = 3 (J0) (Ol @p+|1){1|@p+i|0){l|®p—i|l){0] ® p) (initial state)
1
=5 (10001 p + 1) (1@ U1pU] +i10) (1] @ pU] = i[1) (0] @ Uip)
(apply controlled-U)
— (|0> (0] ® UnpUs + 1) (1| ® U pU! +110) (1| ® UnpUT =i [1) (0] ® Ulpug)
(apply anti-controlled-Us;)

N —

1 BN
- Tr [(X ©0) -5 (110) (11 @ U2pU] - i[1) (0 @ UlpUg)]
(apply X ® O and take trace)

= % (Tr[OUszI] — Tr[OUlpU;L]) (O Hermitian)
=Im (Tr[OngU;(])
=1Im (Tr[OU 1 pU; ]) (By cyclicity of trace)

O

These circuit constructions are necessary and parallel our main results.

3.3.2 Correctness

We now show that the algorithm in Algorithm 1 is unbiased. That is, the expected value of the
estimator over the sampling distribution equals the target quantity Tr[Z fx ,, (A)].

lckb;|

Lemma 18. Let (k, j) be sampled with probability Pr(k, j) = ==, and define

Hy = - sign(cgb;) - Tr [ZPl/sf(sjtk)] .
Then [y is an unbiased estimator of Tt[Z fx m(A)], i.e.,
Elfim] = Tt [Z fxm(A)] .

Proof. Note that as discussing in Equation 10

K m
Tr[Zfiem(A)] = ) > cxb; Te[ZP% (5t0)]

k=1 j=1
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We verify that i1y, is unbiased:

Elfiv] = ) Pr(k, j) - Z - sign(ceby) - Tr [ 2PV (s;1)]
K

b
= eyl Z -sign(cb;) - Tr [ZPUSJ (s;t0)]
k.j <
= Z crb; Tr [ZPl/sf(sjtk)] .
k.j

3.3.3 Sample Complexity

We now provide arigorous bound on the sample complexity Csample required to estimate Tr[ Z fx ,n (A)]
to within additive error & with high probability.

Lemma 19. Let i1y be the unbiased estimator defined in Lemma 18, and let [y = % Zé‘i X ©)
denote the empirical mean of M independent samples. Then, for any confidence level 6 > 0, with
probability at least 1 — 6, the sampling error eg[p| satisfies

_ . 2|1z 2 2
luv — Elum]| := esjpy < € provided MZM'IO -].
K Iz [M] P 2 gl

Then to estimate to sampling error sy < &, the sample complexity scales as

0

Z|I*c2(loglog(1/€))?
Csample:O(” e (og2og( /€)) .log(l)).
E

Proof. Each sample X(© lies in the interval [—||Z||1Z, || Z||1Z]. By Hoeffding’s inequality, for any
e >0,

2Meg? )
2lzlh2)?)

To ensure that this probability is at most d, it suffices to choose
21211 2)? 2

s QIZLZ? | (2)
g2 )

From the normalization factor bound (see equation (11)),

Z= Z lckbj| = O(clogm),

k.J

P [l — Eliumll 2 €] <2exp (—

and since m = O(log(1/¢&)), we obtain
Z =0(cloglog(1/g)).
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Substituting into the bound for M, the sample complexity becomes

Csample =0

1Z||7¢* (loglog(1/£))? (1))
-log Ik

&2
which establishes the claim. O

3.3.4 Gate Complexity

We now analyze the gate complexity of the Algorithm 1, focusing on bounding the number of Trotter
steps for each instance of P1/57 (s jrter). The following result follows from Lemma 14.

Lemma 20. Under the assumptions of Lemma 14, to ensure the total Richardson error satisfies
er < g, it suffices to use:

* m = O(log(1/¢)) Richardson extrapolation points, and

* a maximum Trotter step count of
1
Fmax = O (10g (c/e) - (amaXY/lcommT)Hp) .
This yields a total gate complexity of

1
Care = O (T 10g (¢/2) - (amax YdeommT) 7 ).

Proof. We consider the error due to approximating fx (A) by its Richardson-extrapolated product

formula:
K

fx(A) = Z cre™  (from equation 9),
k=1

K m
Jekm(A) = Z Z ckbjﬂol/sf(sjtk) (from equation 10).
k=1 j=1

Then the total Richardson error is

K

er 1= [Tr[Z fi (A)] = TX[Z fic m (A)]] ch Tr[Z ”‘fk]—Zb,-Tr[zso‘/Sf(sjrk)]
k=1 j=1

Using the triangle inequality:

K
er < Z lck| - err (tx) < ¢ - er(T),
=1
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where eg (1) denotes the Richardson error in approximating Tr[ Ze'4’¢ ] by Z?’zl b Te[ZP VS (s it)]s
and where T := maxy |t¢|. To ensure the total error satisfies eg < &, it suffices to set

er/(T) < gfc.

By Lemma 14, this can be achieved using

1
Fmax = O (log (c/e) - (amaxY/lcommT)H;)

Trotter steps. Since each Trotter step applies to all I" terms in the decomposition of A, the gate
complexity is
1
Coate = O (F -log(c/e) - (amaXY/lcommT)Hp) )

3.3.5 Final Complexities

We now summarize the overall resource requirements—gate, sample, and classical preprocessing
complexities—for our randomized algorithm to estimate Tr[Z f(A)].

Theorem 21 (Sample and Gate Complexity of Randomized Trace Estimator). 7o estimate Tr[Z f (A)]
with error at most € and success probability at least 1 — 6, the randomized Richardson-extrapolated
Algorithm | requires the following resources:

* Gate complexity (per sample):

c(e/3)
£

Caute = O (r log ( ) - (max Y dcomm T(s/3))1+117) ,

where T := maxy |ty|, and ¢ = ||C||1. Both ¢ and T depend on the Fourier approximation
error €g := g/3.

* Sample complexity:

Csample =0

1Z]17 - c(£/3)* - (loglog(1/¢))? | (1))
- 10g 51

g2

where ||Z||1 is the Schatten 1-norm (i.e., trace norm) of Z, and again ¢ = |||\ is determined
by the Fourier truncation at error /3.

* Classical preprocessing complexity:
Cpre = O(lOg(l/é‘)),

which accounts for computing the Fourier coefficients {c}, the Richardson coefficients {b,},
and related approximation parameters.
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Proof. Let iy = % Z% | X (©) be the empirical mean of the unbiased estimator defined in Lemma 18.
We can bound the total error as

ITr[Zf(A)] — tm| < ep + er + 5pm) < €
where:
o ep = |Tr[Zf(A)] - Te[Z fk (A)]],
o e = [Tr[Zfx(A)] = Te[Z fkm(A)]],
o esim) = [Tr[Z fxm(A)] - [iu]

We set each efrourier = ETrotter+Richardson = ESampling,¥ < £€/3 and therefore substituting & := &/3 into
the derived gate and sample complexities from Lemma 20 and Lemma 19, we get

* Gate complexity (per sample):

c(e/3)

g

Cgate = O (F - log ( ) * (@max Y Adcomm T(3/3))]+%)

* Sample complexity:

Csarnple =0

IZI17 - ¢(£/3)* - (loglog(1/e))? (1))
- log .

&2

3.4 Main Results

Let us now examine our two primary objectives: estimating the quantities Tr[pf(A)] and
Tr[f(A)pf(A)TO]. We begin with the first case, Tr[p f(A)].

3.4.1 Estimating Tr[pf(A)]

In this setting, the gate complexity per sample remains unchanged from the general case. However,
the sample complexity simplifies due to the fact that ||Z||; = ||p||; = 1. As a result, we obtain:

¢ (£/3)* (loglog(1/¢))*

g2

o

9

where ¢ = ||C||; arises from the Fourier approximation of f to accuracy /3. This leads directly to
the following result.

Theorem 22 (Sample and Gate Complexity of Algorithm | for Estimating Tr[p f(A)]). To estimate
Tr[pf(A)] to within error g, with success probability at least 1 — 6, the randomized Richardson-
extrapolated Algorithm | requires the following resources:
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* Gate complexity per sample:

c(e/3)

&

Coate = O (F -log ( ) - (amax Y Acomm T(s/3))1+%) ,

where T := maxy |ty| denotes the maximum absolute value of the Fourier time parameters,
and ¢ = ||C||1 depends on the truncation error g := £/3.

* Sample complexity:

c(e/3 - (loglog(1/e))? ( 1 ))
g sl

&2

Csample =0 (

exploiting the fact that || Z||; = 1, since Z = p is a quantum state.

* Classical preprocessing complexity:
Cpre = O(lOg(l/é‘)),

which accounts for computing the Fourier coefficients {cy}, Richardson extrapolation
coefficients {b;}, and other relevant approximation parameters.

3.4.2 Estimating Tr[f(A)pf(A)0]

Our second estimation task—computing Tr[ f (A)p f(A)"O]—is more involved than the first. We
begin by recalling the Fourier expansions from equation (9):

K K

f(A) = fk(A) = cheiAtk, F(AT ~ f(A)f = ZC;‘e_iAtl'

k=1 =1
Using these approximations, the target quantity becomes

K

Tr[f(A)pf(A) 0] ~ Z cre,; Tr [eiAt"pe_iAtIO] .
k=1
As in equation (10), each exponential of the form ¢4’ is approximated using an m-term Richardson
extrapolation of a p-th order product formula #. This yields the following approximation:

K m
Tr[f(A)pf (A0l ~ > > cxcibjb Xesjr
k=1 j,r=1

where
1/s; 1/s l
Xigjri="Tr P ](Sjl‘k)p (P ’(Srl‘l)) o].

This decomposition allows us to analyze the sample complexity, as stated below.
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Lemma 23 (Statistical Error for Estimating Tr[f(A)pf(A)TO] using Algorithm 1). Suppose
||O]| = 1. Then, to estimate

Tr[f(A)pf(A)TO]

to additive error € with failure probability at most 6, the number of samples required is bounded by

c¢* - (loglog(1/¢))* log (1))

C =0
sample &2 5

where ¢ = ||¢|l1 = X4 |ck|, and we assume ||l;||1 <logm = O(loglog(1/¢)).

Proof. Since ||O|| = 1, each term X;; ; , is a bounded observable with outcomes in [-1, 1]. We
perform importance sampling over the index tuple (k, [, j, r), with sampling probability proportional
to

Pkljr o |ckcibjbyl.
The variance of the corresponding unbiased estimator is then bounded using the Cauchy—Schwarz
inequality:
2 2 2 2 2
> lexeibibil| < (Z |ck|) (Z |cl|) (Z |bj|) (Z |br|) :
k 1 j r

kL jr

Letting ¢ = ||¢]|; and using the assumption ||E||1 <logm = O(loglog(1/¢)), we obtain a variance
upper bound of

0 (c4(log log(1 /s))4) .
Applying Hoeffding’s inequality then yields the stated sample complexity:

c¢*(loglog(1/g))* log (1)) ’

C =0
sample ( 52 5

completing the proof. O

As shown in equation (3.4.2), estimating Tr[ f (A)p f(A)TO] reduces to estimating terms of the
form Tr[eA% pe~iA10]. To evaluate such terms efficiently, we apply Richardson extrapolation as
described in equation (3.2), yielding the approximation:

Tr[e A pe~™410] ~ Z Z bjb, Tr lpl/sj(sjfk)/o (Pl/sr(srfl)) 0] .
j=1r=1

where # is a p-th order product formula and {b;} are the Richardson coefficients. This expansion
allows us to bound the gate complexity required to estimate Tr[ f (A)p f(A)TO] to within a target
error.
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Lemma 24 (Richardson Extrapolation Error for Tr[f(A)pf(A)TO)]). Let g denote the total
Richardson extrapolation error:

m m

. . T
£p 1= Tr[elAlkpe—lAIIO] _ Z Z bjbr Tr [Pl/sj‘ (Sjtk)p (Pl/sr(srtl)) 0] .
j=1r=1

Then Tr[e" A% pe~iA1 O] can be estimated with error eg < & using gate complexity
1
Coate = @) (F -log(1/€) * (amax Y Adcomm tmax)Hp) )

where tnax = max{|t|, |t;|}, and the constants are inherited from the product formula and
Hamiltonian simulation setting.

Proof. We start from the definition of gg:

m m
er = |Tr [ pe 10| - Z Z bib, Tr [Pl/sf(sjtk)/) (Pl/s’(srtl))T 0]

j=1r=1

m

n (‘Pl/‘”(s,tl))T )

r=1

m

= |Tr |0 p (e'iA” — Z b, P (s,.1))
r=1

m
+ Tr e’Atk—ZbJ?’l/s-"(sjtk) 0
j=1

Substituting appropriately with Z; and Z, so we can call Algorithm | and applying triangle inequality:

m
Tr|Z; - (e_iA” - Z brSDI/S’(s,tl))
r=1

ER <

m
+ (Tr ijpl/sf(sjtk)—em”‘ Z7!,
j=1

where
m

. T
Z) = "M p0, Zr):=p- b, (Pl/s’(srtl)) 0.
r=1

We now bound the trace norms:

o 1Z1lIh < Nl - llpllt - 1Ol < 1, assuming p is a quantum state and ||O]| < 1.

* For Z;, we apply Holder’s inequality:

1Z2]l1 = ||p - i by (7’)1/s’(srt1))T 0
r=1

1
m

b, (7)1/Sr(s,t,))T 0

r=1

< el

< 3 Il - 101 < Blls - 0] = O(log m).

r=1
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Finally, note that while the norm ||Z,||; introduces a logarithmic dependence on m, this dependence
is mild. Specifically, from Remark 15, we have logm = loglog(1/e) < log(1/¢). Therefore, we
may still invoke Lemma 14 to bound the gate depth associated with simulating each product formula
segment. As a result, the total gate complexity required to estimate Tr[e?A’ pe~4% 0] to error at
most & is 1

Cgate =0 (F -log(1/€) + (Amax Y Acomm tmax)H;) >
as claimed. O

We now consolidate the previous results into a final theorem that characterizes the sample and
gate complexities for estimating Tr[ f (A)p f(A)TO] using Algorithm 1. The structure of the proof
follows directly from the same approach used in Theorem 21.

Theorem 25 (Sample and Gate Complexity of Algorithm 1 for Estimating Tr[ f (A)p f(A)TO]). To
estimate Tr[ f(A)p f(A)TO] to additive error at most & and success probability at least 1 — 6, the
randomized Richardson-extrapolated algorithm requires the following resources:

* Gate complexity (per sample):

Coare = O (F -log (C(8/3)

&

) * (amax Y Acomm T(8/3))1+%) >

where T (g/3) := maxy |ty| is the largest time parameter in the Fourier approximation with
error /3, and c(&/3) := ||C||; is the associated {\-norm of the Fourier coefficients.

* Sample complexity:

Csample =0 (6(8/3)4 : (log log(l/g))4 . lOg (l)) ’

g2 )

where the dependence on c(g/3) comes from the variance of the unbiased estimator.

* Classical preprocessing complexity:
Cpre = O(lOg(l/E)),

accounting for computing the Richardson coefficients {b;}, Fourier coefficients {c\}, and
constructing approximation parameters.

Proof. Let gy := ﬁ Z?’i ) X© denote the empirical mean of the unbiased estimator from Al-
gorithm 1. We denote the total error in the estimate is |Tr[ f(Apf(A)O]-q M|.
As before, we can decompose this into three contributions (Fourier, Richardson, and sampling):

ITe[f(A)pf(A)'O] - fim| < [Tr[ £ (A)pf(A)TO] - Tr[ fx (A)p fx (A)T O]

EF

+ |Te[fx (A)p fx (A)TO] = Tr[ fxm(A)p fr.m(A)TO]|

ER

+ |Te[fiem(A)p frem(A) O] = Fiu]-

£s
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To ensure the total error is bounded by &, we allocate budget equally to each term:
Ep, ER, €5 < /3.

Substituting these into the bounds derived in Lemma 24 (gate complexity) and Lemma 23 (sample
complexity), we obtain:

* Gate complexity (per sample):

c(e/3)

&

Coate = O (F -log ( ) - (amax Y Adcomm T(a/3))1+%) ,

as detailed in Lemma 24.

* Sample complexity:

g2

Csample = O (0(8/3)4 ) (log 10g(1/g))4 . lOg (&)) R

as shown in Lemma 23.

Finally, the classical preprocessing cost is dominated by computing the Fourier coeflicients
{ck}, Richardson coefficients {5}, and choosing approximation parameters for the product formula,
which scales as O(log(1/¢)). O

4 Application: Phase estimation

In this section, we explore a method for phase estimation that involves computing the cumulative
distribution function (CDF) of the eigenvalue spectrum of a Hamiltonian H. This CDF can be
formulated using the Heaviside step function, which we approximate via a Fourier series expansion
over the interval [—m, 7]. Consequently, it is necessary to rescale the Hamiltonian such that its
spectrum lies within this interval. We define the normalized Hamiltonian as H := kH, where the
scaling factor « will be specified later. Throughout this section, we assume the existence of a known
upper bound K on the spectral norm of H, meaning K > ||H||.

The primary quantity of interest is the cumulative distribution function associated with H, given
by

C(x) = (p*O)(x) = Tr[p Ol ~kH)] = TrlpIL].
x>kE;
where ©(x) is the Heaviside step function, p(x) = ) ; Tr[pIl;] 6(x — kE;) represents the
probability density function corresponding to p and the normalized Hamiltonian A, and * denotes
convolution. Here, I1; is the projector onto the eigenspace associated with the i-th eigenvalue of H,
arranged in increasing order. We also define 7 = Tr[pIly] as the overlap between the ground state
and the ansatz state.
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4.1 Heaviside Approximation and Approximate CDF Construction

To get these necessary coefficients and time signals, we first present a useful Fourier series
approximation to the Heaviside function valid in the domain [, 7].

Lemma 26 (Heaviside Fourier series [WBC22] Lemma 1). There exists a Fourier series @(x) =
2ijes ©;e'* with S := {0} U {x(2j + 1)};?':0 and maximum "time parameter"” scaling as d =

O(u'log (8;1)) where g is our Fourier error, which satisfies

1. |€)(x)—®(x)| <é&r Vx € |[-m+u,—u|U[u,n—u], whereu € [0, n/2] serves as a resolution
parameter.

2. —ep <|O@)| < 1+e&p VxeR,
3. 1181 = % es, 16;] = O(log d).

We use this Fourier series to construct an approximate CDF which we denote as
Ve
Cx)=(p+0)(x)= ) 6 / P dy = 3" @,¢! Tr [pe M| = Tr[p@(x] - kH)] .
JES _” J€S

The following lemma ensures that this Fourier approximation gives a reasonable approximation to
our desired cumulative distribution function.

Lemma 27 (Approximation to CDF from Fourier series, adapted from [WBC22] Proposition 12).
Take @(x) in Lemma 26, and set k = 522, Then, the quantity C(x) = Tr [p@)(xl — kH)] satisfies
Cx—u)—er <C(x) <C(x+u) +ep

We observe that the probability density function is defined over the interval [-«K, kK], which
lies within the range [—%(n - u), %(n —u)]. This choice of support is necessary to guarantee the
error bounds established in equation (27). From this point onward, we fix the normalization factor
as k = ¢ to ensure that this lemma remains applicable throughout the analysis.

4.2 Ground State Identification via Approximate CDF

Next, we demonstrate that the ground state energy can be characterized by a condition on the
approximate cumulative distribution function (CDF), allowing us to use the approximate CDF as a
tool to determine the ground state energy.

Lemma 28. Suppose we have an algorithm to approximate C (x) to precision n/8 for some
0<u<n/2 er =n/8and for any x € [-n/2,n/2]. Then we may determine whether

Cx+u)>n/2 or Cx—-u)<n.

Suppose further that we locate an x* that simultaneously satisfies both conditions. Then, we have
that
|x*/k = Eol <u/k,

i.e., we have an additive estimate to the ground state energy E.
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Proof. We use the algorithm to determine whether C (x) > 3n/4 or not. Within the specified
precision, we can guarantee either

C(x) > (5/8)n or C(x)<(7/8)n,

which respectively implies either C(x + u) > /2 or C(x — u) < n respectively by use of Lemma 27,
and we have satisfied the first claim. Now we suppose both conditions are simultaneously satisfied
for some x*. We recall that < Tr[IIpp] lower bounds the ground space overlap. We additionally
note that the exact CDF C(x) cannot take values in (0, Tr[ITpp]) 2 (0, 7) and so we have that

Cx*+u)y=n CHx"'—u)=0
= x"+u>«kEy, x"—u<«kEy.

Thus, |x* — kEg| < u. O

Next we present an algorithm and lemma showing that the search algorithm can locate x* using
only a logarithmic number of queries to the approximate CDF C(x).

4.3 Binary Search for the Ground State Energy

Lemma 29 (Binary search with approximate CDF). Suppose that we have an algorithm A(x,u, €, 5)
which evaluates C(x) for any x to additive error & and success probability at least (1 — ), for
er = n/8 and some resolution parameter u € [0, n/2]. Then, the ground state energy can be found
to additive precision u/k and success probability at least (1 — 6) by running A(x,0.9u,n/8,6/L)
at L = O(log(1/u)) different values of x.

Proof. The contents of [LT22, Section 5] prove this statement, but we present it here for completeness.
We see from Lemma 28 that setting £ = /8 allows us to determine the criterion (28) (with some
success probability to be later addressed and some resolution parameter). We first show how to use
this to search for x*, before discussing how to tune the success probability. The search procedure
operates by finding successively tighter upper and lower bounds to x*. Set

X00 =-n/2, x10=m/2,

where we have that C(xo0) < 1 and C(x19) > 1/2. We now specify an update rule to generate
(C(x0,¢), C(x1,)) that have decreasing separation for increasing ¢, but still satisty C(xo ) < n and
C(x1,¢) > n/2 (recall that as C(x) cannot take values in (0, 7), we have xo ¢ < x* < xj¢). For all
¢ > 0 until termination, first construct x; = (xo¢ + x1,¢)/2. Second, run A(x.,0.9u,7n/8, 5) (note
the prefactor 0.9 for the resolution parameter can be arbitrarily chosen to any number smaller than
1). Due to (28) this determines whether (i): C(x; + 0.9u) > n/2 or (ii): C(x; — 0.9u) < n. We now
apply the following update rule based on the outcome

(1 : X0,041 = X0,¢ 5 X141 =x¢+0.9u,

(i) x0,641 = X¢ — 0.9u,, X141 = X105
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and it is simple to check that the conditions C(x¢ ) < 1 and C(x; ) > n/2 are satisfied, and that the
separation x o — xo ¢ 1S decreasing with increasing ¢ so long as xj ¢, — xo, > 1.8u. We terminate the
procedure at step L when x; » — xo ¢ < 2u, as this implies that |x; — kEp| < u. Then, x,/« satisfies
our desired approximation of the ground state energy Ey. One can check that the separation satisfies

X1, — X0,6 = % + 1.8u,
and thus L = O(log(1/u)) evaluations of A(x,0.9u,7n/8, (5) are sufficient.

Finally, let us determine a sufficient success probability 6 for the algorithm that evaluates C (x) If
each use of A(x,0.9u,n/8, 6) fails with probability at most 8, then in L uses the failure probability
is at most Lo. Our stated claim follows by requiring that this equals our desired overall failure
probability LS =6. O

Our last piece to construct a full phase estimation algorithm is to specify the algorithm
A(x,7,8,06) to evaluate C(x). Observe that we evaluate C(x) statistically via our randomized
quantum algorithm 1, where compilation is applied on the Heaviside function ®. Through this
algorithm we use the extrapolation strategy of Lemma 11, which uses extrapolation coefficients
{by}x with accompanying product formulae {Tr[pP/** (s, T)]}« using {1/sy }x Trotter steps.

Algorithm 2 Randomized Estimation of Approximate CDF via Fourier—Heaviside Expansion

1: Preprocessing: Compute sampling distribution {' L k'} forj €S, k=1,...,m, where

Z= Zj,k |®jbk|
2: for i = 1 to Csample do
3 Sample (j’, k") ~ distribution, T « «-j’
4: Construct quantum circuit for P15 (s, T)
5 Prepare Hadamard tests to estimate real and imaginary parts:
6 X&) = Re[Te(pP 5 (sp TH], X&) = Im[Tr(oP V5% (sT))]
7 Measure each circuit once; set Z() = X}gf;) + iXI(rﬁ/)
CO —|IBlls - 1®l)1 - sign(b®©;) - ' - 2
9: end for
10: Return: C(x) =

*®

Csam €
Zl 1P1 C(l)

Cﬂample

Similar to our randomized Algorithm 1, this algorithm is structured into two main parts: a
quantum component (Step 6) followed by classical post-processing (Step 8). While we may want to
evaluate the algorithm’s output A(x, u, &, 5) at multiple values of x, it is important to note that the
quantum step does not need to be repeated for each x. Instead, we can run the quantum step once,
record its outcomes, and then apply different classical post-processing (Step 8) corresponding to
each desired x. As a result, obtaining outputs for L different values of x requires only a single round
of quantum measurements, with all additional computation handled classically.
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Lemma 30. Algorithm 2 implements the procedure A(x, u, €, 8), preparing a g-additive approxima-
tion to the approximate CDF C(x), with Fourier parameters u and er = n/8, and overall success
probability at least 1 — 5.

The algorithm uses the following resources:

. 3 1+1/p . . _
Cgate =0 (F (amaxY/lcommKu ! 10g(77 1)) -log (‘9 ! log (” : 10g(77 1)))) s

=1 —1 —1yvy) 2
cmmplezo((l"gl"g(g ) 1?2(” log( ) (1))

o

where Csampie denotes the number of quantum circuit repetitions, and Cgyse IS the maximum depth of
any individual circuit.

Proof. Algorithm 2 applies the randomized estimation primitive from Algorithm | to the smoothed
Heaviside function ®, which amounts to estimating

C(x)=Tr|pOxI - kH)| = Tt[Zf(A)] with Z = p, f(A) = O(xI - kH).

We apply Lemma 21 using the following parameters:
* ||Z]|1 = 1 (since p is a density matrix),
* Fourier parameters u and e = /8,
* target additive error €.
From Lemma 26, the Fourier approximation of O has:

d = 0@ "og(1/m)), c=10ll = Olog(a " log(1/n))), T =«d =O(xu 'log(1/n)).

Substituting into Lemma 21 yields:

e h. —1 “1y\) 2
Csample:()((loglog(6 ) k;i(u log(n ))) .log(%,)),

1+1/p

Cgate =0 (F (amaxY/lcommKﬁ_1 10g(77_1)) -log (E_l log (;’Z_l 102(77_1)))) .

O

The lemma establishes the correctness and resource costs of the approximate CDF estimation
procedure implemented by Algorithm 2. We now leverage this subroutine within a binary search
framework to efficiently estimate the ground state energy, as detailed in Algorithm 3.
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Algorithm 3 Binary Search for Ground State Energy Using Approximate CDF

1: Input: precision u/k, resolution u € [0, /2], threshold 5, failure probability ¢, subroutine
A(x, T, 8,0) (Alg. 2)

2: Output: estimate Eo such that |Eg — Eo| < u 1/ with probability > 1 — ¢

3: Sete «—n/8,u «— 0.9u, L « [log,(7m/u)], s — /L

4: Initialize: xo0 «— —7/2; x10 < /2 > C(x0,0) <1, C(x10) >1n/2

5: for( =0toL —1do

6: Set x; «— m

7: Run A(x¢, u, €, g) to check:

* () Clxe+u)>n/2 or (i) C(xe—u) <7y

8: Update:
X041 < X005 X141 < Xe+u if (i)
X041 € Xp —U; Xy 041 < X1 if (i)

9: if x1 ¢+1 — x0.¢+1 < 2u then break

10: end if

11: end for

X +Xx
12: Set x «— =5k

13: return EO — x1/k

Theorem 31. The ground state energy estimation problem can be solved to precision € and with
success probability at least (1 — 0) using the above algorithm with resources

-1y . o1 -1y)2 e~
(loglog(n™') - log(Ke™'log(n™")) 1Og(IOg(K 1))

Csample =0 ( 7]2 5

-1 _iyy YR -1 -1 -1
Caae = O [T (amax Ydeomme™ log(n™")) " log(n™" log(Ks™" log(n™")

Proof. We use the search algorithm outlined in Lemma 29 and descibed in pseudocode with
Algorithm 3 which makes calls to an algorithm A(x,u, g, 6) which approx1mately returns the
approximate CDF, and use Lemma 30 to instantiate A(x, @, €, 6). Set & = /8,7 = 0.9u, 5 = §/L
with L = O(log(1/u)), as discussed in Lemma 29. Further, recall from Lemma 29 that to reach
additive precision ¢ in the ground state energy we set u = k&, and that our CDF is defined such that
k = O(K™1), where K is an upper bound on the spectral norm of H (see Lemma 27). m|

S Application: Green’s functions

In this section, we apply our algorithm to the evaluation of Green’s functions in the context of
many-body physics. Green’s functions capture key dynamical and spectral properties of quantum
systems, and their accurate estimation provides insights into physical observables such as particle
propagation, kinetic energy, and spectral densities.
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5.1 Obtaining the Resolvent from the Fourier Representation

As in the previous application, to evaluate Green’s functions, we first consider their Fourier
representation. This gives us the desired resolvent operator, which we then need to estimate.

Lemma 32 (Resolvent Representation via Fourier—Laplace Transform ([KDW21])). Let Gf jo(t)
denote the time-domain retarded Green’s function of a quantum system with N particles and ground
state energy Eév . Then, its frequency-domain representation is obtained via the Fourier—Laplace

integral transform with exponential convergence factor e road! (T',...0 > 0) as:
© . .
ijo (w) = /0 dt ijo(;)et<w+zrbmd)z,
which evaluates to:
Gy (@) = 5y ¢, R(w" + iTyroaa, Ho) )
+ *l//évij(w_ + iTbroad —Ho) ¢ jotry)
where:
e wr=w=+u(N-N),
o I:I() = FI - E(])v,

* R(w + iThr0aa, H ) is the resolvent operator, defined as:

R(w + iThrpaq, H) = —i / dt ¢! @+iToraa—H)t (12)
0

Evaluating Eq. (12) analytically yields the standard form of the resolvent operator:
R((,U + irbmad» I:I) = (w + irbmad - [:I)_l-

This shows that the frequency-domain Green’s function can be expressed in terms of a resolvent
operator, which is a shifted inverse of the Hamiltonian.

5.2 Approximation of the Resolvent

Back to estimating Green’s functions, we need to approximate the resolvent operator. Using the
Linear Combination of Unitaries (LCU) technique [CW12], the resolvent

R(w + iTbroad> I:I) = (w + iTbroad — [:I)_l

can be approximated with additive error £ using

N,
]’L(O.) + irbroad, FI) = _i Z At el((t)+lrbroad_H)kAt'
k=0
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Lemma 33 (LCU Approximation of the Resolvent). [CWI2] Let H have spectrum o-(H) < [0, 1].
For any w € O'(I:I ) and artificial broadening Up,oqq > 0, the above LCU sum satisfies

”R(w + irbroada I:I) - h(w + irbroada FI)” <é&

provided

1 1 3

N, :0( Io ) At—mn{ } 0(s).
‘ Ubroad€ 8 | 2’ ||H ||

Where N. = t./At is the number of discrete steps. Implementing this approximation requires

O(Fgl L 8) queries to a time-evolution oracle for H and log N, ancilla qubits.

oad

To compute the Fourier coefficients and corresponding time signals ¢ and T required by
Algorithm 1, we use the following lemma, which provides bounds on truncation and discretization
of the Fourier-Laplace integral defining the resolvent.

Lemma 34 (Truncation Bound for Discretized Resolvent). Let I > 0 and € > 0. Truncating the
Fourier-Laplace integral

R(w+iF,FI):/ dt (@R 7Tt
0

at t. = N.At and discretizing with step size At gives

N¢ A
h(w +il, H) = Z At o~ TkA =i(A-w)kAt
k=0

To ensure the truncation error

& = |[R(w +iT, A) = heo(w +iT, A)|| < g

it suffices to choose
1 2 tc 1 2
tc = N.At = —log —, Ne=—=—log—
I ®Te Al TAC CTe

Proof. The truncation error comes from neglecting the tail beyond ¢,:

0 o) It

. _/\ _ _ e C

/ dt '@ H)t p Tt S/ dte 't = )
‘e te I

8[:|

Requiring &; < £/2 gives

et < = e Ie = .= llog i
r 2 2 ' “Te
The number of discrete steps is then N, = t./At, yielding
N, = ! —log i
TAt I'e
This guarantees the truncation error is within /2. O
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Finally, we apply our randomized primitive to estimate the resolvent operator for the Green’s
function.

Theorem 35 (Estimating the Resolvent via Randomized LCU). Assuming that we can prepare a
ground state, the resolvent operator

R(w + ilproads I:I) = (w + ilproaa — I:I)_l

can be estimated to additive error € using Algorithm | with the following complexities:

YA ! 1 ! o
. N . 0 R
(amax comm 1—‘braad & I_‘broad“": )

Cgate = O( log Throud€

3 -log = .

)

2
(Fb:uad 10g 1—‘briadg) (log log é)z 1 )
E

Csample = O(

Proof. From Lemma 32, the resolvent can be approximated as

N
h(w + T broads I:I) =—i Z At el(wﬂrhmad_H)kAt
k=0

with additive error €. The corresponding Fourier coefficients and time signals are bounded by
c= NcAta Imax = I¢,

where Lemma 34 gives

; 1 1 2 1 1 2
= (0] N .= (0] .
‘ Ibroad g Ibroade ‘ [broad At 8 Ibroade
Thus, we have
1 1 1 1
c= O( lo ), fmax = O( lo )
Ibroad 8 Ibroade m Ibroad & Ioroade

Applying these parameters in Algorithm | yields the stated gate and sample complexities:

c ol 1o 1 ( YA 1 lo 1 ) 1 +%
= - la . )
gate 8 I'broad€ e comm Ibroad g Ibroade

Csample =0 ) log <

)

2
(Fbrload log Fbriadg) (log log é)z 1
g2 '
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6 Refinement: Partially Randomized product formulae

We now apply our Richardson extrapolation framework to the partially randomized product formulae
introduced in [Giin+25], which combine the structure of deterministic Trotter formulas with
randomized simulation techniques.

6.1 Motivation and Prior Work

Randomized techniques have proven useful in Hamiltonian simulation, especially for mitigating
worst-case behavior in certain settings [WBC22]. However, for a Hamiltonian H = Z,Z | H;, fully
randomized methods tend to scale poorly with the inverse error £~! and the total norm A = Zl.rzl || H;]||.
On the other hand, deterministic product formulae often scale poorly with I', the number of terms.

To leverage the advantages of both approaches, we consider a hybrid scheme in which part of
the Hamiltonian is simulated deterministically and the remainder is handled using randomization.
Specifically, we adopt the decomposition proposed in [Giin+25]:

Lp M
H=Y H+ ) hnPn, (13)
=1 m=1
N——— N ——— e’
Hp Hp

where Hp is treated deterministically and Hp is simulated via randomized techniques. Each P,, is
assumed to be a Hermitian unitary (e.g., a Pauli operator), so that P2, = I.
This decomposition is designed to satisfy:

M
Ag ::Zlhm|<< A, and Lp < M,

m=1

where A = ZleDl ||H;|| + Z%:] |h,,| is the total 1-norm of H. Intuitively, this ensures that most
of the Hamiltonian’s norm resides in the smaller, randomized component Hg, while keeping the
deterministic portion Hp lightweight.

6.2 Gate Complexity Improvement

The partially randomized framework leads to a favorable gate complexity bound when combined
with higher-order product formulae. The key result from [Giin+25] is summarized below.

Lemma 36 (Gate Complexity of Partially Randomized product formulae [Giin+25, Theorem V.1]).
Let H = Hp + Hg be decomposed as in (13), and suppose a pth-order product formula is applied
over r steps with step sizet =T [r, where

r =0 ()P Vel
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Then the total gate complexity is
O (rLp+137?).

The first term corresponds to the deterministic simulation of Hp using product formulae, while the
second term arises from approximating the randomized evolution e'®' via a truncated Taylor series.

6.3 LCU Decomposition of Randomized Taylor Expansion

Before we introduce how we use Richardson-extrapolation for our partially random circuits, we
share a useful lemma that allows us to estimate time evolution operator as a linear combination of
random unitaries. This result of this lemma is used in Algorithm 4. The a core lemma that the
partial randomization approach exploits.

Lemma 37 (Approximate LCU decomposition via Randomized Taylor Expansion of Time Evolution).
Let H = }; hy Py be a Hermitian operator, where Py, are Pauli operators and hy, are real coefficients.
Define A := Y |hi|. Then, for any time T > 0 and any integer d > 1, the truncated Taylor expansion
of ¢ to order d can be written as a Linear Combination of Unitaries (LCU) of the form.:

d . r
Z (ZI‘:!T) =,BquUj,
r=0 J

where:
* {q;} is a probability distribution: q; > 0and }.; q; = 1.

* Each U; is a unitary consisting of a product of at most d Pauli operators (i.e., Uj = Py, -+ Py
withr < d).

r

o . 272
* The normalization factor B satisfies B < exp (’ITT)

Proof. We start by rewriting H = A 3y px P}, where py = % and P = sign(hy)Py. Note that P},
are also Hermitian unitaries since Py are. This allows us to express H as a convex combination over

unitaries:
H=2 Z piP;.
k

The time-evolution e/ can be approximated with its Taylor expansion truncated at order d:

4 GHTY <& (AT) Ay
;O(z r!) :;(lr!) (Zk:pkpk) ‘

Expanding the powers:



so the total approximation becomes:

r d r
Z(IHT) Z Z (l/lT) Pk, Pk, (P -+ P ).

r=0 r=0 kq,..

This expression is a linear combination of unitaries U, where each U is a product of r < d Pauli
operators of the form P’ -+ P}_. Let c; be the complex coefficient assoc1ated with each unique
unitary U;. We can deﬁne the normahzatlon factor S8 as the sum of the absolute values of these

coefﬁ01ents
Bi=) lejl
J

Then, the truncated Taylor expansion can be written in the LCU form:

Z(lHT)r_ﬁz( )Uj:ﬁquUj, with qj:%_
J

r=0

Note that g; are complex coeflicients whose sum of magnitudes is 1. If we are interested in a
lejl
ﬁ 9
definition of U; if needed, but for the LCU sampling, we sample based on

To bound ,8 we refer to the analysis in randomized Taylor expansion (RTE) methods. For

instance, Lemma A.3 in Wan et al., (2021) shows that the total weight 8 from truncating the Taylor

series at order d satisfies:
A2T?
< — .

and allow the signs to be absorbed into the
lejl

probabilistic interpretation, we often take g; =

6.4 Richardson-Extrapolated Partially Random Product Formulae

We now describe how to apply Richardson extrapolation to partially randomized product formulae,
and show that (similar to Algorithm 1) this improves the error scaling from £~/7 to log(1/¢).

To maintain notational consistency throughout, we define the partially randomized product
formula S [1,/ *(t) (as opposed to P from before) corresponding to a decomposition of the Hamiltonian
H into {Hl}lL:D1 U {Hg}, where the total simulation time is # = s7 and T is the target evolution time.

In this notation, we write:
Lp

Sll,/s(t) = (l_[ eiH”) Rt

=1
We also define the m-term Richardson extrapolated approximation of the full evolution as:

ST = 3 by SV (siT),
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Algorithm 4 Richardson-Extrapolated Partially Randomized Product Formulae

1: Input:
e Hamiltonian H = ZZL:D] H; + Z%’:l hp P

* Richardson step sizes {s¢};_,
* Richardson coefficients {b;}7" | such that: Tr [ZSI(,{%(T)] =21 b - Tr [ZS(s4T)]

e Total simulation time T’

2: Output: Approximation ¥y to Tr[ZeT| within error &

3: Initialize Ygum < O
4: fori = 1to N do

5: Sample k; from the distribution {%} where b = 37" | by

6: Setr « i, 0 «— %, and construct £ (8) using Hp
/12 2
Sett « si,T,d RTt,andT — é

8: for j =1tordo
Use randomized Taylor expansion from Lemma 37: /8" ~ 8(7)4 Y, G W

10: Sample W,, from the distribution {'qq—’”'}

11: Construct a Trotter step using £ (6) and sampled W,
12: end for

13: Let Sk, be the full r-step circuit built from $ () and W,
14: Run Hadamard test circuits to estimate:

* Re [Tr(ZS(si,T))] — X € [-1,1]
o« Im [Te(ZS(si,T))] — X\ € [-1,1]

150 Let X0 x@ 4. x"

16: Set Y « X .sign(by,) - b
17: Update Youm « Yeum + Y@
18: end for

19: Return: IA/N = %Ysum

Theorem 38 (Extrapolated Partial Randomization). Let Acomn be the commutator bound cor-
responding to the decomposition of H into {HZ}ILZD1 U Hpg described in Lemma and let Z be an
observable with bounded Schatten-1 norm ||Z||1 < 1. Suppose S;,{er,)l (T) is an m-term Richardson
extrapolation constructed from a staged p-th order product formula S of symmetry class o, using
the well-conditioned extrapolation strategy of Lemma 11. Let H be the Hamiltonian defined and
decomposed as in Eq. (13). Then using Algorithm 4, we can obtain an g-additive approximation to

Tr[Ze'HT] with the following resource complexities:
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* Circuit samples:

2
Crampte = O ((1oglog§1/s)) 1og(1)) ’
&

* Gates per circuit:

~ 1
Coate = O (LD(amaXY/lcommT)l+P log (1/) + A%Tz) .

Proof. Let Yy denote the empirical estimate returned by Algorithm 4 after N samples. The
expectation of this estimate is

Blfy] =Tr |28 ()]

We decompose the total error into sampling g and Richardson error g:

[T[Ze™T] - | < |fy = Te |2 S| +[Te [Z 8P| - T [2e7]

Es ER

To guarantee overall error at most &, we set: &g < %, Er < %
Sample Complexity. We estimate Tr[Ze'" | using an m-term Richardson extrapolation:

Spn(T) = 2 b S(seT),

where each S(s;T) is a product formula for the Hamiltonian decomposed as Hy, ... H;, Hg and by,
are extrapolation coefficients. With each iteration of the loopi = 1... N, Algorithm 4 samples
XD, y® where:

« X® is the sum of two Hadamard tests corresponding to the unitary circuit S(s k;T'). Therefore
mathematically we get that E[X (] = Tr[ZS (s, T)]

o YO =sign(by) - b - XD,
« Therefore for the final the outputted Yy, we get that
LIRS o ] P CITEAN (®)
1= 3 Pelayoy = 3 Plargon(on) -5 x01 = Y btz (50,101 = ez (1))
k=1 k=1 k=1
By Hoeffding’s inequality, to ensure that
P(I¥n - E[¥v] > £/2) <6,
Now consider |Y )| < M := b < O(loglog(1/¢)). it suffices that:
N> 2M? loe [ 2
——log|=].
=2 Bl
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We now bound M. By Lemma 11, the sum of extrapolation weights satisfies b := }}; |by| =
O(logm) = O(loglog(1/¢g)). Thus:

M < ||Z|| - b = O(logm) = O(loglog(1/¢)).

So the sample complexity is:

loglog(1/¢€))? 1
Csample =0 (( = Oig /8)) IOg (5)) .

Richardson error. By Lemma 14, the total observable error from the staged partially randomized

Trotter formula satisfies: . e
‘Tr[Ze’HT] - Tr[zslﬁfi,i(T)]( <z

provided that each stage uses at most ry < rmax Trotter steps, where:

1
Fmax = O ((amaxY/lcommT)Hp 10g2 (1/8)) .

Gate complexity. Lemma 36 says that for a given Trotter circuit S(sx,7) obtained in step i of
Algorithm 4 composed of ry, trotter steps, we get a gate complexity of O(ry,Lp + A%Tz). Thus, the
worst-case gate complexity of the algorithm (per quantum circuit) is:

Caute = O (rmaXLD + AIZQTZ) -0 ((amaXYicommT)”% log (1/&) Lp + A%TZ) .

6.5 New Commutator Bound

Note that the decomposition for partially randomized circuits S has a different commutator factor
@comm (compared to P and @comm from before). This introduces a new Acomm When analyzing the
partially randomized product formulae extracted from Richardson, which is analogous to the A¢omm
of the product formulae extracted from Richardson. We provide a bound for this new commutator
factor Acomm

Lemma 39. Let H = Hp + Hg, where Hp = };cp H; is the deterministic part and Hg = ) ;cg H;
is the randomized part, so that H = );cpugr Hi- Let @comm be the nested commutator factor
computed over a grouped decomposition of Hg, where each group is FL; =D s, Hi with S5 C R
and | J; S5 = R (as in equation (13)). Let Acomm be the resulting error bound from applying
Lemma 9 using &comm- Let Acomm be the error bound from applying Lemma 9 using the ungrouped
decomposition H = Z};l H; (withT = |D| + |R|). Then

/lcamm S /lcamm~
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Proof. We compare the nested commutator factors aééznm and aé{ﬁnm for fixed order j.

Let H' := {H,};epur be the ungrouped decomposition of the full Hamiltonian, and let the j-th
order ungrouped commutator factor be

O = ) i [His o [Hiy Hig 1T

Now consider the grouped decomposition of Hg as Hy := 3. s, H; for disjoint or overlapping
subsets Sy C R such that | J; S5 = R.
Define the grouped commutator factor as:

O = ), |Hyps (Ao [Hy, By ] 1]

Now expand each 1517 in terms of the H;:

Z i, foreachk=1,...,j.

lkES

Then, by multilinearity of the nested commutator and the triangle inequality:

e B = || 3 #| S | 3

i1€55, €Sy, ijES)”/j
< 3 3 M i U 1]
i1€8y, ij€Sy;
Summing over all group index tuples (¥1,...,7¥;), we get:

@m < Y, NHip Hips o [Hy Hil 1] < @,

That is, the grouped commutator factor is bounded above by the ungrouped one.
Since the error bound A¢omm 1s @ monotonic function of the commutator factors (e.g., as in

Lemma 9, the bound is linear or polynomial in agznm), it follows that:

/1comm S /1comm-

7 Fermionic systems with fixed particle number

In many quantum simulation settings (such as electronic structure problems and lattice fermion
models) the dynamics are confined to fixed particle-number subspaces. That is, the Hamiltonians
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and observables of interest are number-conserving, mapping r7-fermion states to other n-fermion
states. This constraint enables a more refined error analysis when applying Algorithm 1 if the state
in question is of well-defined fermion number. Specifically, we introduce the fermionic r-seminorm,
which is effectively the operator norms projected to an n-particle sector. This seminorm often yields
significantly tighter bounds for Trotter and extrapolation errors, as the relevant nested commutators
typically have much smaller fermionic seminorms than their full operator norms. As a result,
the gate complexity of simulation algorithms can be reduced by conducting the error analysis in

terms of fermionic seminorms, using improved constants aégznm < @comm €stablished in recent

works [MCS22; SHC21; Low+23].

7.1 Closure under Fermionic Seminorm

We work in a fermionic Fock space with fixed particle number sectors labeled by 7. For any operator
X that preserves particle number, we define the fermionic 77-seminorm:

(@] Xipy)|

I X]l;, ;= max ,
T s den) 1l - 1l

where |y,;) and |¢,) are n-electron states. This seminorm quantifies the action of X restricted to the
n-particle subspace.

Lemma 40 (Fermionic seminorm as a projected spectral norm). For any number-preserving operator
X, the fermionic n-seminorm satisfies

IX]l, = max [(¢,|X|yp)| = || XIL,]l,
T b ol Xl 7

where I1,, is the projector onto the n-electron subspace.

We now collect closure properties of number-preserving operators, which will be critical in
bounding errors using the n-seminorm.

Lemma 41 (Closure under products). If A and B are number-preserving, then AB is also number-
preserving.

Lemma 42 (Closure under linear combinations). If {X,,} are number-preserving and c,, € C, then
Yom CmXm is number-preserving.

Lemma 43 (Exponentials of number-preserving Hamiltonians). Let
- — AT 4
N = Z RORORICHY
vy

be the total number operator. If H = )., Hy is a Hamiltonian with each H; number-preserving, then
for any real 0, the unitary €' is number-preserving.
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Lemma 44 (Commutators preserve particle number). If A and B are number-preserving, then so is
[A, B] := AB — BA. More generally, any nested commutator of number-preserving operators is
number-preserving.

Lemma 45 (Error terms preserve particle number). Let E i+1,k(T) be defined via finite products and
nested commutators of number-preserving local Hamiltonian terms {H;}. Then each E j+1,k(T) is
number-preserving.

Proof. By Lemmas 41, 42, and 44, number-preserving operators are closed under products, linear
combinations, and commutators. Since each E ;.1 g(T) is constructed from such operations on
{H,}, it must also be number-preserving. O

7.2 Bounding with Fermionic Seminorm

Having established the essential closure properties of the fermionic seminorm, we now leverage this
structure to derive tighter bounds on the coefficients in our error series expansion—and, ultimately,
on the gate complexity.

Lemma 46 (Fermionic Error Formula with n-Seminorms). Let P be a staged pth order product
formula. Assume all operators, including time-evolution operators, commutators, and effective
Hamiltonians, are number-preserving. For any s € R, define

P(Z) — e—itHeﬂr(t)

as the approximate evolution operator over total time T € R, with Trotter step size t = sT. The case
s = 0 is defined via the limit.
Suppose there exists J € Z, and C € Ry such that

sup @) (amax Y|sT]) < C,
jzJ

where amax ‘= MaXy y |a(yy)|, and Y bounds locality or support size.
Define o = 2 if P is symmetric, and o = 1 otherwise. Then for any K € Z,, the approximation
error in P (sT) compared to the exact evolution satisfies

tr [p (PI/S(ST) - eiHT)] = Z s/ tr [p Ej+1,K(T)] + tr [p Fx(T, s)] ,
JEOZy2p
where the fermionic seminorms satisfy the bounds

- 'min{K—l,l_j/PJ} (a YT)I 1 (lg(_)'_nlgn
IEj+1.6(Dly < (amax YT)’ Z (max YT)" Z ﬂ !

! 2’
=1 I JlseeesJIECZ 2p k= 1 (] + 1)
Jite+ji=j
K (/K+1)
- (a YT)K ; @p-comm
IFe(T.)lly < =5 D, (anaXsTY ) ﬂ G
' J€EoZy2Kp JtsesJK€TZyZp k=1 Jx
Jittjk=]

51



Define the scale parameter

L @i
. o— "
wim| 2 LGe

J1seenIECZy2p k=1
Jitetji=j
Proof. Recall from [WW24, Lemma 3] that a pth-order staged product formula has an error operator
Als) = Z Ejs - (sT),

j€0’Z+2p

where all E; are number-preserving operators, and o = 2 if  is symmetric, 1 otherwise.
Using the variation-of-parameters formula, we recursively expand the approximate time evolution
operator e'THer(s) gg:

o THeir(s) _ ,iHT

K-l o1 7| T-1 ) )
+Z / dti / dry -+ - / dr; & T"HGA(s5)) - - - (IA(s5)) e
=1 Y0 0 0

T TK -1 . )
+ / / drg e T"H(GA(5)) - - - (iA(s)) e & Her(5)
0 0

By Lemma 45, all time-evolution and commutator terms preserve fermionic number, so the entire
expansion preserves it.
Expanding each A(s) into its power series,

[

K-1 ,.r Ty ) . . . .
Z / dry--- / dr Z (ST)JI""“'"]’ 1—[ el(TK*l_TK)Hl'EjK-FlelHTl — Z SjEj+1,K(T),
1=1 70 0

Jls-sJIEOZ1 2D k=1 jeoZi>p

where 7y := T and

mln{K LLi/pl}
Ejuix(T) := TJ”/ dsy - / Z 1—[ i(s-1- SK)THE 1@ TH,

Ji+ji=j k=
Ji€0ZyZp

Using the unitary invariance and submultiplicativity of the fermionic seminorm, we get

mln{K LLj/pl}

1ok (Dl < T / asi [Cas Y 1—[||EJK+1||77

Jitetji=j k=
mm{K LLj/pl}

<T/ Z r Z HIIEJKHHn

=1 ! Jite+j1=j k=
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Using the effective Hamiltonian error expansion bound

(j+1) (amaxY)j-'—1

||Ej+1||7] < @ comm (] 4 1)2

we conclude

min{K-1,1j/pl} ! (JK+1)

1Ej+1.x(T)lly < (amax YT) Z (max Z 1—[ @yl &omm

2"
I=1 Ji+eji=j k=1 (e +1)

For the remainder term Fg (T, s), applying the triangle inequality and unitarity,

K
s TK TK :
1T )l < 1A IS < | D IEjwilly 6Ty
' " \JeoZizp
TK :
== D, 6D Y ﬂ 1E 1y
" jeoZy=Kp Jitt+jk=j k=
K (JK+1)
(amaxYT)K j @y comm
< —K! . Z (amaxYST) . Z n (] +1)2
JjeEoZ=Kp Ji++jk=J k=1

O

Theorem 47. For fermionic systems, choose the largest inverse Trotter step number s| such that
such that s1amax Y ApcommT < 1/2. Define n := max{1, amax YT Aycomm}. The m-term Richardson
extrapolation error for a staged pth-order product formula of symmetry class o is bounded as

[T [p(PSNT) — )| < 4115111 7™ (51 dmax Y Ay-commT) "

Proof. Assume that our state p exists in the 77 electron space, therefore p = p [],,. Note that we can
set

Te[ Xl E 1,k (T)] < T Ej1x (Dllsollolh = 1T E 1k (Tl = 1E 21,5 (Dl
Tr[pIL; Fx (T, 5)] < T Fx (D)l llpll = 1T, Fx (T, $) [l = 1Fx (T, 9)ly
where the inequality is due to the Holder’s trace matrix inequality. Since we can bound
Tr[pH,]EjH’K(T)] < ||Ej+1,K(T)||n
Tr[pIL, Fx (T, 5)] < ||Fx(T,s)ll,

we can use the bounds provided in Lemma 46 and the same techniques from Lemma 10 to obtain

|Tr[p(P£{2(T) - eiHT)]l < 4”5”1 U[(rm/p] (slamaxY/ln-commT)o-m
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Given this final form, we can now substitute the recently derived bounds on a@;-comm to obtain
tighter guarantees than those available for more general systems. In particular, the work of [Low+23]
provides the following sharp error bounds for Trotterization in the context of fermionic Hamiltonians:

Lemma 48 (Trotter error with fermionic induced 1-norm scaling ([Low+23], Theorem 4)). Let
H=T+V = Zj’k Tj’kA;Ak + X2m Vi.nNI Ny be an interacting-electronic Hamiltonian, and let P
denote a pth-order product formula that splits the evolution under T and V. Then,

12 = e, = O (el + I ln)” ™ el vl g m 7

Here, the (restricted) fermionic induced 1-norms are defined as

el = max 3 el b = max, may, (il +-++ e, 1)

8 Numerical Comparison

To quantify the computational advantage of Algorithm 1, we numerically estimate the total number
of simulation steps N (&) required to achieve a target precision & for the Plane-Wave Electronic
Structure Hamiltonian introduced in Lemma ??. Unlike purely asymptotic analyses, we retain
explicit constant prefactors to identify the crossover precision at which the randomized Richardson
scheme of order p surpasses the corresponding pth-order Trotter formula.

8.1 Step Count Estimation

From Lemma 12, the minimum base number of Trotter steps required by Algorithm 1 is
L L
1 I 1 P
ry = (YT)]-‘—P (/lcomm) 1+p (%) .
Here, r corresponds to the coarsest Trotter partition, with step size s; = 1/ry. Since amax < 1, it
does not appear in the leading-order scaling.
Subsequent Richardson refinement levels are defined recursively by

Sk__a rk—CIkrl,
qk

where the integer refinement factors g determine the relative step sizes used in the extrapolation
sequence (see Lemma 11). The total simulation cost is dominated by the finest resolution,

_ _4m
Tmax = Fm = q r.
1

To compare this scaling with that of a standard Trotter formula, we relate /liéfnl;p ) to (aég’;}g p,

For the Plane-Wave Basis Hamiltonian, Lemma ?? gives
1
() ; I+5 1+1
a’c{)mm = O(nj)’ /ICOIIIIIII = 0(” p)»
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implying that A¢omm grows linearly with the system size n. This motivates a more explicit bound on
its scaling, formalized below.

Lemma 49 (Scaling of the commutator factor A¢omm). Let

1/(j+0)
) 4 a,(JK+1)
a’c{)mm = Z H71H72 : yj, ﬂcomm = Sup Z n %
..... ]—1 J€Z>0'm j] er;p k=1 ‘]K
Itk J1+ +je=j
Assume there exists A > 0 such that
oD < AW, Vi1
Then, for sufficiently large m, p € Z*,
19 — < 1’
2p

Adcomm < 71 e max

(k_O'm+1)1/k "
k

om-—p

A .
—., otherwise.

2P’
Proof. Starting from the definition of A¢omm,
1/(j+0)
Z ﬁ o YxtD
Acomm = SUp __comm
A N | Ui+ 1)?
Jitetje=j
Substituting the bound ago)mm < An' yields
4 (J+1)
—comm _ 4L, j+t +1)72.
15+ l_[(] )

Since j + 1> p + 1, we have I_[K(j,( +1)72 < (p + 1)72¢. The number of integer tuples satisfying
2. Jx = jand j, > p is bounded by

: J=lp+l-1 -
N(.]’[ap):( r—1 )S(e‘])f 1.
Combining these gives

4 (Jet1)

I DA
Jlseeje=p k=1 (.]K+ )

Ji+tje=j
Taking the (j + ¢)-th root and introducing the scaling index k := 1 + j/(om — p), one finds

0'm+1)1/k

om-—p

Acomm S ne Ak (p+ 1)_2/k (k -
Absorbing the A/ (p+1)~%/% term into a prefactor depending on A /27 yields the claimed bound. O
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8.2 Well-Conditioned Extrapolation Points

We first examine the well—conditi_gned extrapolation scheme of Lemma 11, which selects g; such
that the Richardson coefficients b = (by, ..., b,,) satisfy ||b||; = O(logm) while maintaining an
overall error scaling of O(s>™). Substituting this into the expression for rmax yields

1
1 1 4\blI; \ 7"
s = (D)5 (o) 7 3m( I )

For comparison, the corresponding step count for a standard pth-order Trotter formula [Chi+21,
Eq. (189)] is
1 L1 2 \r
I'Trot = (YT)HP (aggf:rl'g)ljg ! (1 + p) ‘

Figure 1 illustrates the resulting step counts for different error tolerances and Trotter orders
(p = 1,2). The results highlight that the randomized Richardson scheme achieves a lower step count
beyond a certain precision threshold, consistent with the predicted constant-factor improvements.
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Figure 1: Comparison of total simulation steps required by the standard Trotter method and Algorithm 1
using well-conditioned extrapolation points, for different error tolerances and Trotter orders.
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8.3 Brute-Force Optimization of Extrapolation Points

Following the approach of [LKW 19], we also consider a brute-force optimization of the extrapolation
grid. Instead of choosing gy from a predetermined pattern, we directly search for integer sequences

that minimize 1
Ginax (4||b||1)‘”"

dmin &

This empirical optimization yields substantially improved constant factors and, in some cases, a
noticeably smaller overall step count, as shown in Figure 2.
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Figure 2: Comparison of total simulation steps required by the Trotter method and Algorithm 1 after
brute-force optimization over extrapolation points, for different error tolerances and Trotter orders.
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