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1 Introduction

The synthesis of quantum circuits over the Clifford+1" gate set is a central problem in fault-tolerant
quantum computing. Because T gates dominate implementation cost in error-corrected architec-
tures, a large body of work has focused on minimizing T-count [AM19; Bar+95; Sell3]. Ancilla
qubits are a second scarce resource, and the tradeoff between non-Clifford cost and workspace is a
basic question in circuit synthesis.

Recent work of Gosset, Kothari, and Zhang (GKZ) [GKZ25] introduced a separation between
exact and approximate synthesis for multi-controlled Toffoli gates. They showed that in a mixed
Clifford4+7T model, where one may sample from a distribution over Clifford+7 circuits, the n-qubit
Toffoli gate admits an e-approximation using only

T = O(log(1/2))
T gates. Moreover, they proved a matching lower bound, establishing
T2%*4(Toff,) = ©(log(1/<))

whenever log(1/e) < n.

Consequently, the asymptotic T' count complexity of approximate Toffoli synthesis is already
understood. A natural remaining question is the ancilla complexity required to achieve this optimal
scaling. The GKZ construction evaluates

k = ©(log(1/e))

random parity tests and computes their logical OR. In its standard form, all intermediate values
are stored simultaneously, resulting in an ancilla requirement linear in k. This raises the following
question.

Can one preserve the optimal 7' = O(log(1/¢)) scaling while substantially reducing the
ancilla count?

The question was first posed for the Toffoli gate, and there the answer is deflating: a single
ancilla suffices at the optimal T-count, for every £. In the genuinely-approximate regime & > 2~ (*=3)
(equivalently & < n — 1), a linear-algebra construction (Section 5) samples k = ©(log(1/¢)) parity
vectors, conditions on their linear independence, realizes them as coordinates of the input register
through an Fy basis change (a CNOT circuit), and computes the GKZ decision with one call
to Barenco et al.’s one-ancilla k-fold Toffoli [Bar+95]. For smaller ¢ this construction no longer
applies, but the error is then so small that Barenco’s ezact one-ancilla decomposition suffices, and
its O(n) T-gates are O(log(1/¢)) in that regime. Either way one ancilla attains the optimal 7-
count (Theorem 7), so the ancilla/T" tradeoff for Toff,, is degenerate and the OR~tree and counter
constructions one might reach for are never needed. We treat this case as a warm-up.

The contribution of this paper is what happens for general Boolean oracle unitaries Uy, where
the workspace question does not collapse. Under the GKZ Fourier-sampling framework the target
is a signed threshold of k = ©(||f||?log(1/¢)) parities rather than an OR, and the linear-algebra
shortcut has no analogue. Here the depth-first, workspace-reusing evaluation behind the OR-tree
becomes a running tally, and we obtain a genuine two-dimensional ancilla/T" tradeoff with two
corners: (A, 1) = (O(logk), O(k)) by the tally, and (A\,T") = (O(1), poly(n,k)) by a Barrington
branching program. We prove the tally optimal among single-pass evaluators, and reduce the one
remaining question, whether re-reading the parities beats O(log k) ancillae at a linear T-count, to
a bounded-width branching-program problem.



1.1 Results

(1) (Warm-up.) For every n > 2 and ¢ € (0, 1), Toff,, has a mixed Clifford+T" e-approximation
using one ancilla and optimal 7" = O(log(1/¢)) (Theorem 7): a linear-algebra construction
(Theorem 16) for ¢ > 27("=3) and the exact Barenco decomposition below that. The ancilla/T
tradeoff for Toff,, is degenerate.

(2) (Main: a general-oracle tradeoff.) For a general f : {0,1}" — {0, 1} the GKZ top function
is a signed threshold rather than an OR, and we give two corners of an ancilla/T tradeoff for
Uy, with k = O(]| f|210g(1/2)):

(A, T) = (O(log k), O(k)) via a running tally (Theorem 22), and (A, T)
= (O(1), poly(n,k)) via Barrington (Proposition 24).

The running tally is the general-oracle form of the depth-first workspace-reuse principle devel-
oped for Toff,, in Section 4.

(3) (Lower bound and barrier.) The tally is optimal among single-pass evaluators (Proposi-
tion 25). Whether re-reading the parities can beat O(log k) ancillae at the T-optimal count is
open; we reduce it to a linear-length bounded-width branching-program question, pinpointing
why it is hard.

(4) (Application.) Inside Tan’s unitary synthesis framework [Tan25], for max, 1 fzll = O(1) the
running-tally gadget gives O(log(n +1log(1/¢))) ancillae, exponentially smaller than both Tan’s
O(2V/?) and the flat-GKZ count.

1.2 Related Work

Exact Toffoli synthesis. Barenco et al. [Bar495] showed Toff,, can be implemented exactly
with O(n) T-gates and n — 2 ancillae, and GKZ showed this is essentially tight in the unitary
model [GKZ25].

General unitary synthesis. The LKS-GKW product bound (n+\)-R = Q(22") /poly(log(1/¢))
is established in [LKS24; GKW24]. Tan [Tan25] achieves R = O(23"/2) T-gates with A = O(21/2)
ancillae for block size k and N = n—k. In Section 7 we show that for unitaries with bounded Fourier
£1 norm, the mixed model reduces ancillae exponentially relative to Tan’s exact construction.

Ancilla—T tradeoffs. Tradeoffs between ancilla count and gate count have been studied for Tof-
foli decompositions [Bar+95; Sell3], phase-polynomial circuits [Amy+13], and the Reed—Muller /T-
count minimization framework of Amy and Mosca [AM19]. None of these work in the mixed model,
which changes the problem qualitatively.
2 Preliminaries
We work in the mixed Clifford+7" model throughout. The n-qubit Toffoli gate is

Toffala1, -, En 1)[B) = 21, -, B 1) (21 A<+ A1),

Sections 6-7 also treat Boolean oracle unitaries Uy for arbitrary f: {0,1}" — {0,1}.



2.1 Distance Measures and the Mixed Model

Definition 1 (Diamond distance). For quantum channels F;, E2 on n qubits,

Do (Er, Es) = sup D((Er ® Ip)(p), (B2 1I)(p)),
P

where D(p,0) = 3||p — o||1 is trace distance.

Definition 2 (Mixed T-count). A mized Clifford+T implementation of a unitary U at error € is a
distribution {(p;, Vi)} over Clifford+7 circuits such that the channel

= anc sz ,0®’0 O |)V;]L

satisfies Do(€,U) < e. The mixed T-count 7™*°4({J) is the minimum over all such implementations
of max; T-count(V;).

2.2 GKZ Results

We recall the results of [GKZ25] that our constructions build on.

Theorem 3 ([GKZ25]). For anyn and & > 0, T™*4(Toff,,) = O(log(1/¢)). The bound is achieved
by sampling k = [logy(1/e)] + 2 random subsets Si,...,Sk C [n — 1], computing parities p; =
®eesj xg, and flipping the target iff ORg(p1,...,pr) = 0.

Theorem 4 ([GKZ25]). The GKZ mized channel satisfies Do(E, Toff,) < 4-27F.

Theorem 5 ([GKZ25]). For sufficiently large n and 1/e,
Tmed(Toff,) > T24%PWe(Toff,) = Q(min{n, log(1/e)}).

Together, Theorems 3 and 5 give T™*d(Toff,) = O(log(1/¢)) whenever log(1/c) < n. Our
constructions do not improve this asymptotic 7T-count; they reduce ancilla count while preserving
it. We will also use the following extension to general Boolean functions.

Theorem 6 ([GKZ25]). For f:{0,1}" — {0,1} and e > 0,

e (vy) = O(I1F]1 log(1/e) ) -

We use the following standard OR subroutine throughout.

Algorithm 1 Or(q1,...,qr, t)
Require: Qubits |q1,...,q,), target qubit |t)
Ensure: |t) < [t ® OR(q1,...,q))
1: Apply X®" to q1,...,qr
2: Apply Toff, 1 with controls q, ..., q. and target ¢
3: Apply X to t; apply X®" to q1,...,q =0




3 Warm-up: One Ancilla Suffices for Toffoli

We begin with the special case that motivated this work, f = Toff,,, where the workspace question
collapses. The result below combines the one-ancilla construction of Section 5 with the exact
decomposition of Barenco et al. It is a warm-up: the contribution of this paper is the general-
oracle picture of Section 6, where no such collapse occurs and the ancilla count becomes a genuine
resource.

Theorem 7 (One ancilla suffices for Toff,). For every n > 2 and every ¢ € (0,1), there is a
mized Clifford+T implementation of Toff, with Ds(E, Toff,) < e using a single ancilla qubit and
T = O(log(1/¢e)) T-gates. This T-count is optimal up to constants.

Proof. Split on the error rate at ¢ = 2-("=3) ie. at k = [logy(1/e)] +2=mn — 1.

Genuine approzimation, ¢ > 2~ (3 (so k < mn —1). The construction of Theorem 16 gives a
single ancilla, T'= O(log(1/¢)), and D, < e.

Small error, e <2~ (™3) (50 k > n —1). The linear-algebra construction no longer applies, but
Barenco et al.’s exact one-ancilla decomposition [Bar+95, Cor. 7.4] does: a deterministic (hence
mixed) Clifford+7" circuit with D, = 0 < ¢, one ancilla, and 7" = O(n) = O(log(1/¢)) since
log(1/e) > n — 3.

Either way one ancilla and O(log(1/e)) T-gates suffice. Optimality is the GKZ lower bound
(Theorem 5): T™x¢d(Toff,) = Q(min{n,log(1/¢)}), which is Q(log(1/¢)) in the first regime and
Q(n) = Qlog(1/¢e)) in the second. O

Remark 8. The two halves meet at ¢ ~ 27", the point below which approximating Toff, is the
same as computing it exactly. So for Toff,, the ancilla/T" tradeoff is degenerate. The recursive OR-
tree and Hamming-weight-counter constructions one might reach for (Section 4), which spend w(1)
ancillae, are never needed here; their value is as the workspace-reuse template for the general-oracle
case, where the collapse does not happen.

4 The Bridge: Depth-First Workspace Reuse

This section develops the workspace-reuse principle behind the paper. It is dominated for Toff,, by
the one-ancilla warm-up of Theorem 7, but it is the template that carries to general Boolean oracles
in Section 6, where the one-ancilla shortcut is unavailable and the principle gives the best bounds
we know. For Toff,, the GKZ top function is an OR, which is associative and so admits the tree
form below; for a general oracle it becomes a threshold, and the same depth-first idea reappears as
a running tally (Section 6).

The GKZ construction stores all k parity outputs simultaneously, requiring ©(log(1/¢)) ancillae.
By associativity of OR, the computation ORg(p1,...,px) can instead be organized hierarchically:
intermediate values are computed, consumed, and then uncomputed depth-first. This trades stor-
age for recomputation while leaving the Boolean function and hence the GKZ error guarantee
unchanged.



4.1 Two-Level OR Tree

Algorithm 2 Approximate Toff,, via 2-Level OR Tree
Require: Controls |z1,...,2,-1), target |b), € > 0; m workspace qubits |w;); r = [k/m] storage
qubits |s;)
Ensure: D,(&,Toff,) <e
L k< [logy(1/e)] + 2; sample Sy, ..., Sk uniformly
2: Apply X®™=1 to controls
3: fori=1tor do
4: my; < min(m, k — (i — 1)m)
5. Compute parities |w;) &= @Zes(i—l)m-Q—j xofor j=1,...,m;
6
7
8
9

OR(w1,...,wm,, s;); uncompute parities
: end for
: OR(S1,...,85, b); apply X to b
: for i = r downto 1 do
10:  Recompute parities; ORT(wl, ..., W, S;); uncompute parities
11: end for
12: Apply X®=1 to controls =0

Lemma 9. Algorithm 2 computes the same Boolean function as the flat GKZ construction, i.e.,

ORT(Ole (pla e 7pml)) ceey ORmT (p(rfl)mri»l? cee 7pk)) = ORk(plu e 7pk)7
where r = [k/m] and m; = min(m, k — (i — 1)m).
Proof. Associativity of OR. O

Theorem 10. Algorithm 2 with m = [Vk| implements a mized channel & with Do(E, Toff,) < e
using O(y/log(1/¢)) ancilla qubits and O(log(1/¢e)) T-gates.

Proof. By Lemma 9, each sampled circuit Wy is identical to the GKZ unitary, so D (&, Toff;)) < e
by Theorem 4.

For the ancilla count, we track peak simultaneous occupancy, which occurs just before the
outer OR fires on line 7. At that point the m workspace qubits hold the current parity batch and
the r = [k/m] storage qubits hold the inner-OR outputs; prior batches have been uncomputed.
The Barenco decomposition of each OR,,, chains Toffoli-3 gates sharing a workspace qubit as the
internal ancilla [Bar+95], so no extra qubits are needed beyond those already counted. Total ancilla
count is f(m) = m + [k/m], minimized at m = [Vk], giving O(v'k) = O(y/log(1/¢)).

For the T-count, each inner OR,,, is computed once and uncomputed once, contributing 2 x
8(m; — 2) T-gates via the relative-phase Toffoli decomposition of [Bar+-95]. The outer OR, likewise
contributes 2 x 8(r — 2) T-gates. Summing;:

T-count = 2i8(mi —2)+2-8(r—2)
i=1
= 16(k — 2r) + 16(r — 2) = 16k — 16r — 32 = O(k) = O(log(1/¢)),

using >_, m; = k and r = O(Vk). O



4.2 d-Level Tree

The two-level construction groups k parities into r batches of size m, computes OR of each batch,
then ORs the results. The d-level tree applies this recursively.

Definition 11 (d-level OR tree). Fix &k > 1 and fan-ins my,...,mg_1 > 2. Level 0 consists of
the k parity bits p1,...,px. For 1 < ¢ < d — 1, level ¢ partitions the outputs of level £ — 1 into
consecutive groups of size my and computes OR of each group into a level-£ storage qubit, producing
ng = [ng_1/myg] outputs with ng = k. The root (level d) ORs the ny_1 top-level storage qubits into
the target and applies X.

The ancilla savings come from depth-first execution: after computing and storing a subtree’s
OR output, we immediately uncompute the subtree’s internal qubits before moving to the next
subtree, so registers are reused across groups.

Algorithm 3 d-Level Approximate Toff,,

Require: Controls |z1,...,2,—1), target |b), € > 0, depth d > 2, fan-ins mq,...,mg_1
Ensure: D,(€,Toff,) <e

1: k<« [logy(1/e)] + 2; sample Si,..., Sk

2: Apply X®™=1) to controls

3: FILLSTORAGE(d — 1, 1, k)

4: OR(sgdfl), e ,S%j), b); apply X to b

5: FILLSTORAGE(d — 1, 1, k)T

6: Apply X®(=1) o controls =0

Algorithm 4 FILLSTORAGE(!, start, count)
Require: Level ¢, starting parity index start, count count

Ensure: sl(-z) = OR(group-i parities) for each i; all workspace and intermediate qubits in |0)
1: if /=1 then
2:  fori=1to [count/m;| do

3: m); «— min(my, count — (i — 1)my)

S . ,
4: Compute parities |w;) = ®ele‘sstam+(i71)m1+j71 xzp for j=1,...,m,]

1 o
5: OR(w1, ..., Wy, 82(- )); uncompute parities
6: end for
7. return
8: end if
¢

9: 7 < [count/ [T m; |

10: for i =1 to r do , , ,

11: start; <— start+ (1 — 1 _.mg; ent; < min(] [E_, m;, count— (i — 1 My
12: FILI%ZSTORAGE—&(— 1, itl;[ﬂti,l cnjt;) l (HFI " ( )HFI J)
130 7 [cnti/ Hg;ﬁ mj—‘

14: OR(sgg_l), e 3(€_1), sz@)

b ri
15:  FILLSTORAGE(( — 1, start;, cnt;)f
16: end for=0




Lemma 12 (Peak ancilla occupancy). During depth-first execution of Algorithm 3 with fan-ins
mi,...,Mq_1, the number of ancilla qubits simultaneously occupied is at most

d—1
A(d) = " my+ng_a,
/=1

where ng_1 = [k/ Hzl;f my|.

Proof. Peak occupancy occurs just before the OR call at the deepest level of the first group. At that
moment: the m; workspace qubits hold the current parity batch (prior batches uncomputed); for
each 1 < ¢ < d—2, at most myy1 level-£ storage qubits are occupied, one per filled child of the current
level-(£ 4+ 1) batch; and all ng_; top-level storage qubits, allocated at line 3 of Algorithm 3, remain
occupied until the global uncompute at line 5. Summing gives mj + (ma+ - +mg_1) + ng—1. 0O

Theorem 13. With m; = --- = mg_1 = m, the ancilla count is A(d) = (d — 1)m + [k/m?1],
minimized at m = [k, giving A(d) = O(d - k%) = O(d - log(1/¢)/4).

Proof. Treating A(m) = (d—1)m+km (%=1 as a continuous function of m and setting dA/dm = 0
gives m = k'/4, at which A = dk'/4. O

Corollary 14. Taking my = ¢ for a fized constant ¢ > 2 requires d = [log, k| levels and yields
A = O(loglog(1/¢e)) ancillae with O(log(1/¢)) T-gates.

Proof. Withm = cand d = [log. k], ng_1 = [k/c? 1] = O(1),s0 A = (d—1)c+0(1) = O(log, k) =
O(loglog(1/e)). O

Theorem 15. For any n, ¢ > 0, and d > 2, Algorithm 3 with k = [logy(1/¢)| + 2 and symmetric
fan-in m = [kY4] implements a mized channel & with Do(E, Toff,) < e using O(d - log(1/¢)'/%)
ancilla qubits and O(log(1/¢)) T-gates. At constant fan-in (d = [log, k| for fixzed ¢ > 2), the ancilla
count is O(loglog(1/¢)).

Proof. Correctness follows by induction on d: the d-level OR tree computes ORg(p1,...,px) by
associativity of OR (Lemma 9), so each sampled circuit is identical to the GKZ unitary and
D, (€, Toft,) < e by Theorem 4. The ancilla bound is Theorem 13 and Corollary 14.

For the T-count, the tree has O(k) OR nodes, each at some level ¢ with fan-in my. Computing
and uncomputing all nodes contributes

d—

23" O(my) = 0( ’rlg) = O(k),

nodes

—_

~

since > yne < k(1+1/m+1/m?+---) = O(k) for m > 2. At 4 T-gates per Toffoli-3, the total is
O(k) = O(log(1/e)). O

5 A One-Ancilla Construction for Toffoli

For Toff,, the workspace question collapses: a single ancilla suffices whenever the approximation
is genuine (that is, ¢ > 2-(n=3) equivalently k < n — 1). The construction is due to Ryan
O’Donnell.! It chooses the k parity vectors ar,...,ay to be linearly independent over Fy, applies

!Personal communication. We include it, with his permission, as the warm-up that motivates the general-oracle
question of Section 6.



the corresponding basis change as a CNOT circuit, and calls Barenco et al.’s 1-ancilla k-fold Toffoli
directly. Throughout this section, k = [log,(1/¢)] +2 and m =n — 1.

Algorithm 5 One-Ancilla Approximate Toff,,

Require: Controls |x1, < Tm), target |b), e > 2-(=3)
Ensure: D, (&, Toft )

L k<« [logy(1/e)] +

2: Draw aq,...,a € IF i.i.d. uniformly; resample the entire k-tuple if linearly dependent (ex-

pected O(1) draws, since Prllin. indep.] > [];»;(1 —27%) > 0.28)

3: Extend {a1,...,ar} to a basis of F§* by appending m — k standard basis vectors; let M be the
m X m invertible matrix with rows a1,...,am
Apply X®™ to controls
Apply the CNOT circuit |z) — |[Mx)
Apply X®k to the first k control qubits
Apply Barenco’s l-ancilla k-fold Toffoli [Bar+95, Cor. 7.4 + Lem. 7.2] with controls
(Mz)1,...,(Mz), and target b
Apply X®* to the first k control qubits

9: Apply the inverse CNOT circuit |Mz) — |z)
10: Apply X®™ to controls =0

%

Theorem 16. For any n > 2 and € > 2~ ("=3) (equivalently k = [logy(1/e)] +2 < n — 1), Algo-
rithm & implements a mized channel £ with Do (&, Toff,) < e using 1 ancilla qubit and O(log(1/¢))
T'-gates per circuit.

Proof. Function computed. The map M places the k parities a; - x in the first k positions of Mz.
The X®* followed by the k-fold Toffoli flips b iff all k leading bits of Mx are 0, i.e. aj - x = 0 for
j =1,...,k. Uncomputing M and removing the GKZ X®™ conjugation gives the GKZ random
unitary Wy for parity vectors ar, ..., as.

Diamond-distance bound. We show that conditioning on linear independence does not spoil the
GKZ error bound. Fix any nonzero y € Fy* (a value of the negated controls); the sampled circuit
flips the target erroneously on y exactly when all k parities vanish, i.e. a; -y = 0 for every j. Under
©*, the uniform distribution over linearly independent k-tuples,

#{independent k-tuples in y} _ ot < 9k

#{independent k-tuples in FJ'} g 2™ 20—

P*r[aj~y20for allj] =
“w

since each factor is at most % (and vanishes once i = m — 1, so the bound holds throughout & < m).
The conditioned per-input error is thus at most 27, no larger than under uniform sampling, so the
diamond-distance analysis of [GKZ25] gives Do(&,+, Toff,) < 4-27% < ¢ for k = [logy(1/e)] + 2
Conditioning on independence carries no penalty, so the construction is valid for the full range
kE<n-—1.

Ancilla count. CNOT and X layers are ancilla-free. Barenco’s k-fold Toffoli uses exactly 1
ancilla [Bar+95, Cor. 7.4 + Lem. 7.2].

T'-count. Barenco’s decomposition uses ©(k) Toffoli-3 gates at 4 T-gates each, for total O(k) =

O©(log(1/e)). O

Remark 17. The one-ancilla construction of Theorem 16 covers the entire regime ¢ > 273 (i.e.
k<n—1)with A\ =1and T = O(log(1/¢)). For e < 2=(»=3) it no longer applies (k would exceed



the n — 1 available independent parities), but the error is now so small that one simply computes
Toff,, exactly: Barenco et al.’s exact one-ancilla decomposition [Bar+95, Cor. 7.4] gives A = 1 and
T = 0O(n) = O(log(1/e)) (as log(1/e) > n — 3 here), which is optimal by Theorem 5. Either way a
single ancilla attains the optimal T-count; this is Theorem 7.

The d-tree of Section 4, which uses O(loglog(1/¢)) ancillae, is therefore never needed for Toff,,.
Its role is not as a Toffoli construction but as the workspace-reuse template: it is the case of the
depth-first evaluation principle that survives to general Boolean oracles (Section 6), where the top
function is a signed threshold, Barenco’s shortcut has no analogue, and the workspace question
does not collapse.
Remark 18. Algorithm 5 relies on ORy reducing to ANDy via De Morgan, so Barenco’s 1-ancilla
k-fold Toffoli computes g directly. For a general Boolean function f, the GKZ top function g
(Lemma 19) is a signed threshold, not an OR, so Barenco’s shortcut does not apply. One can still
evaluate g with O(1) ancillae via a Barrington branching program (Proposition 24), but only at a
poly(n, k) T-count; the running-tally construction of Section 6 instead keeps the T-count optimal
at the price of O(log k) ancillae. Section 6.3 discusses the resulting tradeoff.

6 General Oracles: A Workspace—1" Tradeoff

Theorem 7 settles Toff,,: its optimal T-count needs only one ancilla. This section is the main event.
For a general Boolean oracle Uy the workspace question does not collapse, and we map out what
does happen. Using the GKZ Fourier-sampling framework of Theorem 6, the target becomes a
signed threshold rather than an OR, and the ancilla cost becomes a genuine parameter. We give
matching upper and lower bounds in the natural single-pass model and pin the general question to
a branching-program barrier.

6.1 Structure of the Top Function

Let f : {0,1}" — {0,1} with Fourier expansion f(z) = > gciy F(8) (=1)!52) . GKZ samples
k= @(Hﬂﬁlog(l/e)) sets S1,...,S with probability proportional to |f(5j)\, computes parities
zj = @Zesj ¢, and applies a top function g : {0,1}* — {0, 1} to decide whether to flip the target.
Lemma 19. Let Sy, ..., S be i.i.d. with Pr[S; = S] = |f(S)|/||f]l and let o; = sign(f(S;)). The
GKZ rounding rule produces

k

. k
g(z1,. .., 21) =1 E i (1) > —
j=1 2| fllx

o~

Proof. Each term 0;(—1)% is an unbiased estimator of £l - sign( (S;)) - (—=1){5) weighted by
17(SHI/Nfl1. Taking expectation:

k
(| = SR = i

||fH Zj O'j(—l)zj > % ]

Remark 20. For f = OR,,, one verifies |]O/\Rn||1 < 2, so the threshold is >, 0;(—1)% > k/4. After

the GKZ X®(=1) conjugation, oj = —1 for all j and the threshold reduces to ORy(p1,...,pr) =1,
recovering Theorem 3.

x>

10



6.2 Ancilla reduction via a running tally

For most f, the top function g is a signed threshold over {+1, —1}* rather than an OR. To evaluate
it reversibly with few ancillae, we maintain a running tally.

Definition 21 (Tally register). A tally register stores a running partial sum 7} = Zgzl oi(=1)% €
[—7,7] in [logs(k + 1)] + 1 bits, with a final comparison to the threshold [k/(2]f]]1)].

Unlike OR, a signed threshold does not decompose into a tree of partial thresholds: thresholding
a subtree discards the magnitude of its partial sum, which the root still needs. We therefore evaluate
g with a single running tally instead of a tree, iterating over the k signed parities and accumulating
them into one shared register. This gives the following bound.

Theorem 22. Let f : {0,1}" — {0,1}, ¢ > 0, and k = @(Hﬂ]%log(l/a)). There is a mized
Clifford+T implementation of Uy with Do(E,Uy) < € using

T=0(|flilog(l/e))  and A= O(ogk) = Oflog(|f]ilog(1/e))).

Proof. Run GKZ importance sampling to produce signed parities (z1,01),. .., (2k, 0k), where each
sign o; € {+1,—1} is fixed by the sample. Writing ¢; = 1[o; = —1] and b; = z; ® ¢j, we have
0j(=1)% =1—2b;, so > ;0;(—1)% =k — 2P with P = }.b;. The threshold of Lemma 19 is
therefore a single comparison on the Hamming weight P.

Maintain one counter of [log,(k + 1)] bits, initialized to 0. For j = 1,...,k: compute z; =
D, s, T¢ into a single workspace qubit (O(1) ancilla, O(n) Clifford gates), increment the counter
iff b; = 1, then uncompute z;. After the loop the counter holds P; compare it to the threshold, flip
the target on the comparison bit, and uncompute the counter by reversing the loop.

Ancilla. The counter uses [logs(k + 1)| qubits and the workspace O(1), giving A = O(log k).

T-count. The counter increases monotonically from 0 to P < k, so across the k increments
bit i flips O(k/2%) times and the total is O(k) Toffoli-3 gates; the single final comparison costs
O(log k) T-gates. Hence T' = O(k) = O(Hﬂ\% log(1/¢)). Correctness follows from Lemma 19 and
the diamond-distance analysis of [GKZ25]. O

Example 23 (MAJ,). The majority function satisfies H@Hl = O(y/n) [ODo21], so k =
©(nlog(1/e)). By Lemma 19, the top function is

k
g(z1, .. z) =1 Y oi(-1)% > O(k/vn) |,
Jj=1

and Theorem 22 gives T'= O(nlog(1/¢)) and A = O(log(n log(1/e))).

The one-ancilla construction of Section 5 does not generalize here, since g is a genuine threshold
rather than an OR. The running tally evaluates g with O(logk) = O(log(nlog(1/¢))) ancillae at
the T-optimal count; alternatively, since g € NC!, Proposition 24 evaluates it with O(1) ancillae at
a poly(n, k) T-count. Which point on this tradeoff is forced remains open (Section 6.3).

6.3 The ancilla/T tradeoff and a lower-bound barrier

For Toff,, the top function is an OR and Theorem 7 collapses the tradeoff to a single ancilla. For
a general threshold top function the two constructions above sit at opposite corners,

(tally) (A, T) = (O(logk), O(k)), (Barrington) (A, T) = (O(1), poly(n, k)),

where the second corner is the following.
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Proposition 24 (Constant-ancilla evaluation). For any f : {0,1}" — {0,1} and € > 0, there
is a mized Clifford+T implementation of Us with Do(E,Uys) < € using O(1) ancilla qubits and
poly(n, k) T-gates, where k = O(||f||? log(1/¢)).

Proof. Each sampled GKZ circuit applies the top function g of Lemma 19, a threshold of the
k parities z; = a;j - x. As a function of z, g is a threshold of parities and hence lies in NC!. By
Barrington’s theorem [Bar89], g is computed by a width-5 permutation branching program of length
poly(n, k). Such a program is reversible: encode its S; state in 3 qubits, apply the length-many
controlled permutations (each a constant-size Clifford+7" operation controlled on one input bit),
copy the accept indicator onto the target, and run the program backward to uncompute. This uses
O(1) ancillae and poly(n, k) T-gates and computes the same g as the tally, so the diamond-distance
guarantee of [GKZ25] is unchanged. O

Between these corners the tally is already optimal in the natural class of single-pass evaluators:
those that read the k sampled values once each, in a fixed order, and decide from a workspace
register updated after each read. (The tally is the canonical example; so is any streaming variant.)

Proposition 25 (Optimality of the tally among single-pass evaluators). Let 6 € {1,...,k} and
let THRy : {0,1}* — {0,1}, THRy(v) = 1[>_,v; > 0]. Any single-pass evaluator of THRy uses
a workspace of at least [logy(min{f, k — 6} + 1)] qubits. For the GKZ threshold, which sits at
0 = O(k) for Unmayg, , this is Q(log k), matching the tally.

Proof. Fix the read order and assume 6 < k/2, so min{0, k — 0} = 6 (the case 6 > k/2 is symmetric
under v — v, which swaps 6 and k — 0). For s € {0,1,...,0} let Ps; be a prefix that fills the
first 6 read positions with exactly s ones, and let W (s) be the workspace state after reading Ps.
Fix 0 < s < § < 0 and append the common suffix that places exactly # — s’ ones among the
remaining k — 6 positions (valid since 0 < 6§ — s’ < 0 < k—60). The two completed inputs have sums
s+(0—5)=0—(s—s)<Band s+ (6 —s") =6, so THRy outputs 0 and 1 respectively. Since the
two runs share this suffix and the output is a function of the final workspace alone, W (s) # W (s').
Hence W(0),...,W () are pairwise distinct, requiring [log,(6 + 1)] qubits. O

Any single-pass implementation of the GKZ top function evaluates THRy on the realized values,
so its workspace obeys the same bound whenever the sampled parities realize Q(min{6,k — 0})
distinct partial sums, which holds with high probability for the random GKZ sample. The open
question is therefore precisely whether re-reading the parities can beat this.

Open problem. Is A = Q(logk) necessary for a mixed Clifford+7 implementation
of Umayg,, or of a general threshold oracle, at the T-optimal count 7' = O(k), when
re-reading is allowed?

This is not a gap in our analysis but a genuine barrier. Proposition 25 already forces Q(log k)
workspace for single-pass evaluation, so the entire question is the value of re-reading. In our model
the parities are Clifford-computed and may be recomputed from z arbitrarily often at no T-cost,
and Proposition 24 exploits exactly this to decide the threshold with O(1) reversible state (at a
polynomial T-count). The barrier is thus whether re-reading also helps at a linear T-count.

Consequently any resolution touches a well-known open problem. Keeping the input register
read-only, an O(1)-ancilla implementation at the T-optimal count 7' = O(k) is exactly a constant-
width, linear-length branching program (with parity queries) for a threshold function: the O(1)
ancilla are the bounded-width state, and the O(k) T-gates are the linear length. Barrington’s
theorem yields constant width at polynomial length; whether a threshold admits constant width at
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linear length is open, and ruling it out would be a new superlinear length lower bound for bounded-
width branching programs. A matching mixed-model lower bound is no easier: by the extremality
of the unitary channel Uyay, , @ diamond-close mixed implementation forces each sampled branch
to be near-reversible with its ancilla disentangled, so randomization confers no additional power
and the question reduces to the same branching-program frontier. We therefore state it as an open
problem rather than claim a resolution.

7 Application to Tan’s General Unitary Synthesis

We apply the running-tally gadget to the general unitary synthesis framework of Tan [Tan25],
showing that the ancilla savings extend beyond the single-gate setting to structured families of
unitaries.

7.1 Tan’s Framework

For block size £ and N = n—x, Tan writes U = 3~ 1o 13~ [#) (2| © Vz and synthesizes M = 2N del-
egation gadgets, one per x. Each gadget computes a Boolean control function f, : {0,1} — {0, 1},
conditionally applies the k-qubit rotation V, and then uncomputes f,. Tan’s exact implementation
uses the four-Russians method at cost O(2"/2) T-gates and O(2V/?) ancillae per gadget, for total
T-count O(2%V/2) and ancilla count Ar,, = O(2/2).

7.2 Improved gadget via a running tally

By Theorem 6, each Uy, has mixed T-count O(Hﬁ;”% log(M/e)). Splitting the error budget evenly
(e/M per gadget, union bound) and writing K = O(®%(N +log(1/¢))) for ® = max, || f»||1, the flat
GKZ implementation requires O(K) ancillae per gadget. Applying Theorem 22 instead reduces this
to O(log K). (Alternatively, Proposition 24 makes each gadget use O(1) ancillae at a poly(N, K)
T-count, trading T-count for workspace as in Section 6.3.)

Theorem 26. Let ® = max, || fo|l1 and K = ®2(N+log(1/¢)). For any e > 0, the tally-augmented
Tan algorithm implements a mixzed channel €& with Do(E,U) < e using

R=002" - ®*(N +log(1/e))) T-gates,
A=0(logK) ancillae.

Proof. Diamond distance is sub-additive under sequential composition, so the e /M-per-gadget bud-
get gives total error at most €. Each gadget costs O(K) T-gates (Theorem 6), giving R = O(2VK).
Gadgets run sequentially in Tan’s pipeline, so the per-gadget ancilla count equals the total: A =
O(log K') by Theorem 22. O

Corollary 27. If ||f.]l1 = O(1) for all z, then
R=0(2"(N +1log(1/¢))), A= 0O(log(N +log(1/e))).

Remark 28. Corollary 27 applies to products of O(1)-qubit gates, diagonal unitaries with low-
degree phase polynomials, and Toff,, itself (& < 2 by the GKZ Fourier analysis, recovering our
earlier results). In each case the ancilla count O(log(N + log(1/¢))) is exponentially smaller than
both Tan’s exact count O(2/2) and the flat-GKZ count O(N + log(1/¢)).

For a Haar-random unitary, ||f,||1 = ©(2"/2) with high probability, so R = O(22Y N), which
is worse than Tan’s O(23"/2). This is expected: the Q(2") lower bound of [GKW24] applies to
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adaptive (hence also mixed) circuits, so no randomized synthesis can reduce the worst-case T-count

for generic unitaries below Q(2").

regime.

8 Summary

The tally improvement is therefore confined to the structured

Table 1 collects the resource costs of all constructions in this paper together with the relevant prior

results.
Construction Target Ancillae )\ T-count Model
One ancilla, warm-up (Thm. 7) Toff,, 1 O(log(1/¢)) Mixed
GKZ [GKZ25] Toff,, O(log(1/¢)) O(log(1/¢)) Mixed
d-level tree (Thm. 15)* Toff,, O(d - log(1/e)Y/ %) O(log(1/¢)) Mixed
Const. fan-in (Cor. 14)* Toff,, O(loglog(1/¢)) O(log(1/e)) Mixed
Fourier tally (Thm. 22) Uy O(logk) O(||f |12 1og(1/¢)) Mixed
Barrington (Prop. 24) Uy 0(1) poly(n, k) Mixed
Tan [Tan25] general U O(2N/?) O(23N/2) Unitary
Tan+tally, structured (Cor. 27) ®=0(1) O(log(N+1log(1/¢))) O(2N(N+1log(1/e))) Mixed
Tan+tally, general (Thm. 26) general U O(log(®%K)) O(2NP2K) Mixed
Barenco et al. [Bar+95] Toft,, n—2 O(n) Unitary
GKZ lower bound [GKZ25] Toff,, any Q(n) Unitary

Table 1: Resource costs. Here N =n —  is the number of control qubits in Tan’s decomposition,
k= O(]|f]?1log(1/e)), K = ®>(N +1log(1/¢)), and ® = max, || f|l;. *Subsumed by Theorem 7,
which attains a single ancilla at optimal T-count for every ¢; listed only to show the interpolation
curve. The Fourier tally and Barrington rows are the two extreme corners of the general-oracle

tradeoff (Section 6.3).
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