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Abstract

We develop quantum algorithms for estimating properties of general matrix functions, with
applications to phase estimation, Green’s function evaluation, and recovering measurement
distributions of time-evolved states. The resulting methods exhibit commutator scaling in matrix
parameters similar to that usually found for product formulae, lower circuit depth in all other
parameters, and require only a single ancillary qubit. Our central primitive consists of classically
postprocessing randomly chosen product formulae circuits, which mathematically corresponds to
an approximation of a Richardson extrapolation. Within our framework, we introduce a protocol
for approximating the measurement distributions of quantum states, extending beyond standard
observable estimation. We also provide tightened gate complexity bounds for practically relevant
systems, including those with 𝑘-local interactions, long-tailed matrix ensembles, and conserved
quantities. Finally, numerical experiments confirm that our method can achieve significantly
shallower circuit depths than standard product formulae in certain parameter regimes, and
highlight the potential of their heuristic application.
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1 Introduction

T
he task of processing large matrices is pervasive in scientific computing. Within the
realm of quantum algorithms, it can be unifying and useful to frame such problems as
matrix function tasks – that is, some task where one extracts some property of some
function of a matrix of interest. For instance, ground state problems in chemistry and

many-body physics, time evolution, linear systems, and quantum walks can be framed as matrix
function problems. In this picture, the quantum singular value transform (QSVT) allows efficient
algorithms for smooth functions by instantiating matrix polynomials, and often obtains optimal
complexity for such problems [Gil+19; Mar+21]. Whilst the QSVT gives a powerful and general
tool, it may not be the best suited to early quantum hardware; the QSVT requires many multi-qubit
controlled gates and non-trivial ancillary space overhead.

In this work we focus on early fault-tolerant algorithms. Here, we pursue algorithms with
analytical runtime guarantees, in a setting where small quantum computers are constrained by limited
qubit count and circuit depth. We imagine such quantum computers could have modest use of error
correction, or no error correction at all. Whilst overall runtime complexity may not be optimal, our
goal is to fit algorithms to these constraints on quantum resources by leveraging classical power – in
performing preprocessing, in postprocessing data from many different quantum circuits, and in using
the power of randomness. We follow a line of work with similar motivations which have proposed
algorithms for spectral analysis [Som19], ground state problems [LT22; WBC22; Wan+23; Wan+25;
DLT22; Kis+25], quantum dynamics [Cam19; Cam21] Gibbs state preparation [Din+25], general
matrix functions [WMB24; Cha+25], as well as work that has considered practical implementation
of the aforemented approaches [Blu+23; Kis+25].

An additional aim in our work not shared in all of the above approaches is to specify end-to-end
algorithms. For the purpose of this work, by this we refer to algorithms that are specified with
(1) efficient classical input and efficiently-obtainable classical output, and (2) all quantum oracles
explicitly instantiated. As we aim to propose candidate algorithms for potential concrete application,
we argue these two requirements should be satisfied at minimum in order to probe feasibility.

The central message in our work is that product formulae augmented with classical pre- and post-
processing could be a promising route towards early fault-tolerant algorithms for matrix functions.
Product formulae (including Trotter-Suzuki formulae) are a method for approximating time evolution,
which is itself an algorithm, but is also a pervasively used primitive in quantum algorithms more
broadly. They are implementable for Hermitian matrices (such as physical Hamiltonians) whenever
the matrix can be decomposed into a linear combination of constituent matrices of whom each can be
time-evolved exactly and efficiently – for instance, this includes matrices that can be decomposed into
the Pauli basis, or sparse matrices with efficiently computable non-zero row entries [AT03]. Product
formulae require no ancillary overhead and their simple structure allow widespread use already
in quantum computing experiments today, including recent landmark demonstrations [Kim+23;
Aba+25; Hag+25]. A key advantage of product formulae is that their gate complexity depends on
the commutator structure of the constituent matrices [Chi+21] – this is in contrast to all other known
methods of simulating time evolution, where complexity depends on often much larger (generic)
matrix parameters. Further, this so called commutator scaling can be refined when there is a prior on
the input state; when it has a well-defined fermion number [SHC21; MCS22; Low+23] or belongs
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to a low-energy subspace [ŞS21; HZA24; MK25].
Recently, it has been shown that simulations of time-evolved observables using product formulae

can be classically extrapolated, leading to exponentially improved gate complexities in the error
parameter [WW25; Cha+25]. Such extrapolated product formulae were shown to have gate
complexities governed by a quantity 𝜆comm (see Definition 3) which was found to enjoy commutator
scaling in certain settings. We note that extrapolated product formulae can be distinguished from
similar mathematical results in multiproduct formulae, which require coherent implementation with
a "linear combination of unitaries" subroutine that uses ancillary qubits and amplitude amplification
steps, else requiring an unwieldy sample overhead to instantiate in full.

1.1 Contributions
We develop and refine analyses for two simple but general subroutines. The first enables the
estimation of the following quantities:

(1) : estimate (i) : Tr[𝜌𝑈 𝑓 (𝐻)] and (ii) : Tr[ 𝑓 (𝐻)𝜌 𝑓 (𝐻)†𝑂] to additive precision 𝜀 ,

where 𝜌 is a quantum state,𝑈 is a unitary,𝑂 is an observable, all of which we assume to be efficiently
implementable. We denote 𝑓 (𝐻) as the eigenvalue transform of the function 𝑓 on a Hermitian
operator 𝐻 (see Definition 9). Our second subroutine allows us to approximate measurement
statistics of the quantum state proportional to 𝑓 (𝐻) |𝜓⟩. Specifically, we ask to:

(2) : return a vector ®𝑣 such that ∥®𝑣 − ®𝑝∥2 ≤ 𝜀 for 𝑝𝑖 := | ⟨𝑖 |𝑈 𝑓 (𝐻) |𝜓⟩ |2. (1)

While it is not uncommon to view the output of a quantum algorithm as a quantum state, most
truly end-to-end use cases ultimately require a classical output [Dal+23]. Thus, we view these two
tasks as natural and broadly applicable frameworks that accommodate a lot of quantum algorithms
targeting practical applications – in both estimating scalar quantities or in sampling tasks. To make
this concrete, consider a simple example: if 𝑓 is the inverse function and 𝜌 = | ®𝑦⟩⟨®𝑦 | is a pure state
that encodes a data vector ®𝑦, this setup corresponds to the well-known quantum linear systems
problem [HHL09]. If the observable 𝑂 in Task 1(ii) is taken to be a local measurement, then the
resulting quantity gives a marginal of the solution to the linear system. If𝑈 in Task 1(i) is chosen to
be a state preparation unitary corresponding to some probe vector (and unpreparation of | ®𝑦⟩), then
the output is the overlap of the solution vector with that probe vector. More generally, Tasks 1 and
2 can be used to extract spectral information about a target matrix 𝐻 (see discussion surrounding
Eq. (170)).

Our first contribution is to give algorithms to instantiate Tasks 1 and 2 whenever given a Fourier
series approximation to the function 𝑓 , and ability to Trotterize 𝐻. The central idea is to consider
an extrapolation of circuits consisting of product formulae of different step sizes, and to extract
estimates of this extrapolation in a sample-efficient manner via randomization. General matrix
functions can be compiled as part of the randomization loop by sampling from the Fourier series.
From hereon we will refer to this central primitive as Randomized Extrapolation Trotterization, and
we provide a schematic thereof in Figure 1. Using this, the gate complexity can be substantially
improved over algorithms using regular product formulae, with a tradeoff that one needs to collect
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Figure 1: Schematic of Randomized Extrapolation Trotterization. Given any Fourier series approximation
of 𝑓 on the domain of the eigenspectrum of𝐻, given any extrapolation schedule, and given any product formula,
Randomized Extrapolation Trotterization gives algorithms that return an estimate of various properties of
𝑓 (𝐻). Our algorithms randomly sample the product formula at different Trotter step sizes according to a
carefully constructed distribution, and implements each of them in a Hadamard test.

(what we argue is) mildly more data from a quantum computer. Further, the algorithms exhibit
commutator scaling similar to that found in product formulae, and only use a single ancillary qubit.

method ancillary
qubits

max depth per sample
𝑂 (·)

sample overhead
𝑂 (·)

commutator
scaling?

Qubitization
[LC17] ⌈log(Γ) + 3⌉ Γ

(
Λ𝑇 + log(1/𝜀)

log log(1/𝜀)

)
1/𝜀2

Product formulae
[Chi+21] 1 Γ(𝛼(𝑝+1)comm)1/𝑝 𝑇1+1/𝑝 (1/𝜀)1/𝑝 1/𝜀2 ✓

Random compiler
[WBC22] 1 Λ2𝑇2 1/𝜀2

Rand. Extrap.
Trotterization 1 Γ (𝜆comm𝑇)1+1/𝑝 log(1/𝜀) (log log(1/𝜀))2

𝜀2 ✓

Table 1: Compilation of a time signal Tr[𝜌𝑒−𝑖𝐻𝑇 ] to additive precision 𝜀. In order to allow comparison
with the random compiler of [WBC22] we have assumed that the matrix 𝐻 is given as a linear combination of
Γ Pauli matrices with ℓ1 norm of coefficients Λ, although all other methods in this table take a more general
access model. Where product formulae are instantiated, we assume a 𝑝th order formula with constant 𝑝 (see
Definition 8). The quantity 𝛼 (𝑝+1)comm ≤ 1

2 (2Λ)
𝑝+1 is a sum of norms of nested commutators (see Definition 2),

and 𝜆comm ≤ 4Λ is constructed from such sums (see Definition 3). We present our generic scaling in the final
row, with refined expressions to the gate depth presented in Table 2. All expressions generalize naturally to
our algorithms for Task 1 and 2.

The fine details of the complexity depend on the properties of the function of interest 𝑓 and are
presented in Theorems 24, 26 and 28. Generally, both algorithms require 𝑂 (1/𝜀2) samples from
quantum circuits to estimate both quantities to additive precision 𝜀, with additional factors again
depending on the function. In the following subsection and in Table 1 we elucidate the complexity
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of a core subroutine which also serves as a warm-up example.
We remark that Task 1 is also instantiable with the same gate complexity as our approach using

recent work [Cha+25], which introduces a more general primitive in the setting of observable
estimation. Nevertheless, to tell a self-contained story we still elucidate Task 1 in full using our
randomized compiler, and present the matrix function framework in full whilst providing a simpler
streamlined proof specified for this task. Further, our method of extrapolation allows for a refined
sample complexity. Task 2 has not traditionally been considered before in the literature aside from
in [WMB24], and it opens up a new way to probe output distributions of quantum states despite
using a classical-quantum algorithm where matrix processing is not fully instantiated coherently.

We instantiate our algorithm framework for a number of applications (summarized in Section
1.5): ground state energy estimation, evaluation of Green’s functions, and distribution learning for a
time-evolved state. For ground state energy estimation, this leads to an algorithm that (1) exhibits
commutator scaling akin to that found for product formulae as applied to Hamiltonian time evolution;
(2) require circuit depths which depend only polylogarithmically on the ansatz state overlap; and
(3) uses only one ancillary qubit. To the authors’ knowledge so far these three properties are only
simultaneously achievable via product formulae extrapolation.

Our second contribution is to demonstrate refined gate complexities in a number of settings that
exploit commutator scaling. These were all previously unknown or not explicitly instantiated for
extrapolated product formulae circuits – our results are applicable to both Randomized Extrapolation
Trotterization and prior art in extrapolated product formulae [WW25; Cha+25]. We cover:

• Scenarios where commutator scaling for standard product formula is only understood for a
fixed order. Previous studies could only exploit commutator scaling when scaling is understood
at every order.

• Interpolation of our scaling with randomized formula, exploiting the ideas of [Gün+25], which
can be particularly advantageous for matrix ensembles with long tails.

• Commutator scaling for 𝑘-local systems, subsuming with it models of power-law interactions.
Here, previous studies on extrapolation ([WW25; Cha+25]) could not account for this due
to a divergent commutator factor. Results here are possible due to recent insights of Mizuta
[Miz26].

• States that have a well-defined quantity corresponding to a matrix (Hamiltonian) symmetry,
with total Fermion number as an example.

Finally, we present numerics which demonstrate the advantageous performance of Randomized
Extrapolation Trotterization in practice. We show that beyond asymptotic scaling, heuristic
optimization of extrapolation schemes allows for strong improved performance over product
formulae, whilst still retaining performance guarantees. We also show that outside of rigorous
bounds, Randomized Extrapolation Trotterization shows promise in greatly reduces algorithmic
error in practice.
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1.2 Warm-up: compiling a time signal
In this section we discuss a special case of Task 1: estimating the time signal Tr[𝜌𝑒−𝑖𝐻𝑇 ] for a given
time 𝑇 to precision 𝜀. This serves both as a warm-up and as essentially a core primitive through
our work (although to obtain refined complexities general functions are compiled with an outer
randomization loop, rather than explicitly instantiating this as subroutine). Further, this gives us a
chance to compare the complexity of Randomized Extrapolation Trotterization with other known
primitives to instantiate time evolution in a clean transparent way.

Given a method for Hamiltonian simulation, such as a product formula circuit, the time signal
can be estimated by taking data from a Hadamard test circuit which uses one ancillary qubit (on
top of any ancillary qubits used for the simulation method). The core idea we use, Randomized
Extrapolation Trotterization, is simple algorithmically: collect data from randomly chosen product
formulae circuits of different Trotter step sizes, from a carefully chosen distribution. This leads to
strong suppression of algorithmic errors if step sizes are sufficiently small that they lie within a radius
of convergence, to be defined. Mathematically, this procedure enables a randomized compilation of
a Richardson extrapolation – where the extrapolation parameter is the Trotter step size.

We suggest that this approach could be well-suited to early quantum hardware. Randomized
Extrapolation Trotterization offloads complexity from coherent quantum circuit depth to increased
circuit samples – yielding shorter circuits by collecting more measurement data from circuits.
Further, as we demonstrate below, the increase in sample overhead is very mild by virtue of our
randomized protocol.

In order to present results, we first introduce some basic notation.

Definition 1. We consider Hermitian matrices 𝐻 ∈ C2𝑛×2𝑛 , expressed as a sum of Γ terms:

𝐻 =

Γ∑︁
𝛾=1

𝐻𝛾 , (2)

where it is assumed that the unitaries exp(−𝑖𝐻𝛾𝑡) are instantiable for all 𝑡 and 𝛾 in 𝑂 (1) gate depth.
We define Λ :=

∑Γ
𝛾=1 ∥𝐻𝛾 ∥, as the sum of the strength of individual terms, where ∥ · ∥ denotes the

operator norm.

Generically, the gate complexity of algorithms for time evolution depends on Λ, which can be
large for many models of physical systems. However, the complexity of 𝑝-th order product formulae
can be shown to depend on a refined quantity (𝛼(𝑝+1)comm)1/𝑝, which we define below.

Definition 2 (Commutator factor). Given the decomposition 𝐻 =
∑Γ
𝛾=1 𝐻𝛾 from Definition 1, we

define the order- 𝑗 commutator factor

𝛼
( 𝑗)
comm :=

Γ∑︁
𝛾1,...,𝛾 𝑗=1



[𝐻𝛾1 ,
[
𝐻𝛾2 , . . . , [𝐻𝛾 𝑗−1 , 𝐻𝛾 𝑗 ] . . .

] ]

 , (3)

that is, the sum over norms of each 𝑗-fold nested commutator formed from constituent matrix terms
𝐻𝛾.
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Whilst one always has the generic bound (𝛼(𝑝+1)comm)1/𝑝 ≤ 2Λ1+1/𝑝, it is known that in many
settings (𝛼(𝑝+1)comm)1/𝑝 ≪ Λ [Chi+21], which leads to significant advantage of product formula over
other methods in dependence on Hamiltonian parameters.

We present the resources used by Randomized Extrapolation Trotterization to estimate a time
signal to additive precision 𝜀 and constant success probability in Table 1, and contextualize the
result against other approaches. We remark that for this simple subroutine, the same expression for
circuit depth is also obtainable with the results from [Cha+25]. While qubitization achieves the best
asymptotic scaling in gate depth in terms of precision and simulation time, as above we argue it may
not be the strongest candidate for early fault-tolerant (EFT) devices. This is due to the confluence of a
few properties: qubitization has a larger space overhead,1 it requires complex multi-qubit-controlled
gates, and to the authors’ knowledge there are not currently ways to improve its gate complexity by
exploiting physical properties of the Hamiltonian such as locality in the way that product formulae
do. Thus, we include it in Table 1 as a standard-bearer of a fully-coherent protocol that attains
optimal complexity. Product formulae, conversely, can be more hardware-friendly (especially on
non-error-corrected hardware) and can take advantage of commutator scaling in dependence on
matrix parameters. However, they suffer from exponentially worse gate complexity with respect
to the target precision. The randomized algorithm proposed in [WBC22] (built in the spirit of
qDRIFT [Cam19] yet distinct and catered specifically for this task) sidesteps the exponentially worse
error dependence, and is unique in having no dependence on the number of Hamiltonian terms Γ.
However, this comes at the cost of forfeiting commutator scaling and incurring a quadratic scaling
with evolution time. Further, we note that the approach of [WBC22] requires a decomposition
of 𝐻 in the Pauli basis, which may not always be efficiently obtainable or be the most useful
decomposition.

In discussion of our algorithm we first look at the complexities given in row (a), and we will
discuss (b) and (c) in the next subsection. Our algorithm retains the advantageous properties of
product formulae – no additional space overhead, near-linear scaling in the time parameter 𝑇 , and
what we will later argue is commutator-sensitive gate complexity – while achieving precision 𝜀 using
circuits with depth scaling logarithmically with 1/𝜀. Thus, extrapolated product formulae yield an
exponential improvement in precision dependence compared to standard product formulae methods.
By exploiting a randomized scheme, the cost of this comes at a mild increase in the number of
samples: a factor polylog-logarithmic in 1/𝜀. Additionally, our approach works as long as 𝐻 can be
decomposed into efficiently simulable Hamiltonians (i.e. the same as all product formulae methods),
which is a more general data access assumption than Pauli access.

1.3 Gate complexity
We will now discuss finer points on the gate complexity of our algorithms, remaining in the setting
of Table 1 as a guide.

1Here we account for space overhead only in logical qubits. If one wishes to implement error correction, resource
counts may become more subtle.
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method
max depth per sample

𝑂 (·)
𝑘-local
𝑂 (·)

fixed 𝑝 bound
𝑂 (·)

Rand. Extrap.
Trotterization (a) Γ (𝜆comm𝑇)1+1/𝑝 ΓΛ1/𝑝𝑇1+1/𝑝 Γ (Λ𝑇)1+1/𝑝

Max scaling (b) Γ ·max
{
Λ𝑇, (𝛼(𝑝+1)comm)1/𝑝𝑇1+1/𝑝

}
Γ ·max

{
Λ𝑇,Λ1/𝑝𝑇1+1/𝑝} Γ ·max

{
Λ𝑇, 𝐴𝑝𝑇

1+1/𝑝}
Interpolative

scaling (c) Γ𝐴 (𝜆comm𝑇)1+1/𝑝 + Λ2
𝐵𝑇

2 Γ𝐴Λ
1/𝑝𝑇1+1/𝑝 + Λ2

𝐵𝑇
2 Γ𝐴 (Λ𝑇)1+1/𝑝 + Λ2

𝐵𝑇
2

Table 2: Refinements to gate complexity. We catalog two alternative expressions for the gate complexity
for the same task in Table 1 – one which is independent of 𝜆comm, and the second which provides a strictly
interpolative scaling between our generic scaling in 1 and that of the randomized compiler of [WBC22]
for a matrix decomposition 𝐻 = 𝐻𝐴 + 𝐻𝐵. For simplicity of presentation we have assumed constant error
(thus dropping a factor of log(1/𝜀)). The third column details complexities for the special case where 𝐻 is a
𝑘-local Hamiltonian with constant onsite energy and constant 𝑘 . The fourth column details complexities
where there is a known commutator bound (𝛼 (𝑝+1)comm )1/𝑝 ≤ 𝐴𝑝 for some fixed order 𝑝, but not for generic order.
In both the third and fourth columns one of our refined scalings (row (b) or (c)) unconditionally improve the
generic scaling in row (a). As in Table 1, all expressions generalize naturally to our algorithms for Task 1 and
2, and expressions for gate depth extend to prior art in extrapolated product formulae.

1.3.1 Extrapolated commutator factor

The complexity of our algorithms depends on a quantity 𝜆comm which we define below.

Definition 3 (Extrapolated commutator factor).

𝜆comm := sup
𝑗∈Z+≥𝜎𝑚

1≤ℓ≤⌊ 𝑗/𝑝⌋

( ∑︁
𝑗1,..., 𝑗ℓ∈Z+≥𝑝
𝑗1+···+ 𝑗ℓ= 𝑗

ℓ∏
𝜅=1

𝛼
( 𝑗𝜅+1)
comm
( 𝑗𝜅 + 1)2

) 1
𝑗+ℓ
.

This quantity requires understanding of 𝛼( 𝑗)comm at every order 𝑗 . For instance, if 𝛼( 𝑗)comm ≤ 𝐴 · 𝑐 𝑗
for constants 𝐴 ≥ 1 and 𝑐 ≥ 0, then 𝜆1+1/𝑝

comm = 𝑂 ((𝛼(𝑝+1)comm)1/𝑝) [Cha+25, Remark 3.2],2 which is
known to be the case of second-quantized Hamiltonians in the plane wave dual basis [Chi+21] (see
also Lemma 52). In general, knowledge of 𝛼( 𝑗)comm at every order is not always available, or known
bounds are too large and leads to a divergence in 𝜆comm, as is the case for 𝑘-local systems (see
Sections 1.3.4 and 5 for full discussion). In the rest of this subsection we discuss resolutions of
these issues, as well as refinements and alternative bounds on general gate complexities (instantiated
as rows (b) and (c) of Table 2).

1.3.2 Max bound

In many settings, one may only understand the behavior of 𝛼( 𝑗)comm at some finite order 𝑗 , rather
than at every order. For instance, one may use some analytical or numerical tricks to understand

2This means that the respective contributions to gate complexity for extrapolated Trotter circuits and regular Trotter
circuits are the same asymptotically.
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commutator behavior at low order [Cam21; BIB25], without being able to elucidate a meaningful
bound at every order. In this case, we can specify an alternative bound on the gate complexity,
instantiated as row (b) in Table 2, and we present full discussion in Section 7. In general, we can
always replace

(𝜆comm𝑇)1+1/𝑝 → max
{
Λ𝑇, (𝛼(𝑝+1)comm)1/𝑝𝑇1+1/𝑝

}
, (4)

i.e., the resulting gate complexity now depends instead on the standard commutator factor at a
chosen fixed order 𝑝. This retains the exponentially-improved dependence on precision compared
to standard product formulae, and the remaining contribution to the gate complexity is bounded
by the maximum of the complexity of product formulae, or (optimal) linear dependence in the
simulation time without commutator scaling. In this way, the performance of our algorithm either
behaves in line with product formulae (with exponentially improved dependence on precision), or
scaling similar to that of QSVT, all the while using minimal ancillary qubits. This is a way to
bound the performance of Randomized Extrapolation Trotterization without requiring any additional
information beyond what is needed to bound the performance of regular product formulae circuits.

1.3.3 Doubly-Randomized Extrapolation Trotterization

Certain matrices, particularly physically-motivated matrices, may exhibit particular structure in the
decomposition in Eq. (2). For instance, electronic-structure Hamiltonians in second quantization
can often be dominated by a few large terms and otherwise exhibit a long tail. Here, the randomized
algorithm of [WBC22] could be useful in exploiting the fact in these circumstances Λ may be
smaller than the number of constituent terms Γ. One may go further – [Gün+25] show that it is
possible to partially randomize product formulae – by partitioning 𝐻 as 𝐻 = 𝐻𝐴 + 𝐻𝐵 into an 𝐻𝐴

with a small number of terms Γ𝐴 << Γ of large size, and 𝐻𝐵 with the remaining long tail of terms
where Λ𝐵 << Λ if the tail is small. We demonstrate that one can use this idea to compile product
formulae that appear in Randomized Extrapolation Trotterization with an inner extrapolation loop.
This leads to a doubly randomized compilation of Trotter extrapolation. For the task of compiling a
time signal, the complexity is stated in row (c) of Table 2. In the general case, we can always replace

Γ(𝜆comm𝑇)1+1/𝑝 → Γ𝐴 (𝜆comm𝑇)1+1/𝑝 + Λ2
𝐵𝑇

2 (5)

We see that this interpolates in between our scaling in row (a) and that of the [WBC22], thus giving
the best scaling of all schemes that only use one ancillary qubit (assuming 𝜆1+1/𝑝

comm ≈ (𝛼
(𝑝+1)
comm)1/𝑝).

We present a full discussion and algorithm construction in Section 8.

1.3.4 𝑘-local systems

For 𝑘-local systems on 𝑛 qubits with maximum single-site energy 𝑔, it is known that (𝛼(𝑝+1)comm)1/𝑝 =
𝑂 (𝑘𝑔𝑝Λ1/𝑝) [Chi+21]. When the product formula order 𝑝 > 1 this can be a significant improvement
in dependence on Hamiltonian parameters over non product-formulae methods which scale linearly
in the Hamiltonian norm Λ. Direct substitution of this bound into our expression for the extrapolated
commutator factor 𝜆comm leads to a divergent quantity. We show that in our extrapolation algorithms
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(as well as prior art [WW25; Cha+25]) we can instead consider 𝜆comm → 𝜆𝑘-local where for time
signal compilation to additive precision 𝜀 we have

(𝜆𝑘-local)1+1/𝑝 = 𝑂
(
𝑘𝑔(𝑝Λ1/𝑝 + 𝑔 log(𝑛𝑔𝑇/𝜀))

)
, (6)

and for general applications, there is an additional additive logarithmic term. Thus, the key
features of commutator scaling for 𝑘-local systems are replicated, with mild logarithmic overhead.
The analysis is based on recent insights of Mizuta [Miz26] on truncated BCH expansions, and we
present this in detail in Section 5.

1.3.5 Exploiting Hamiltonian symmetries

When product formulae are used on input states with a well-defined Fermion number, the gate
complexity has been shown to depend on the Fermionic semi-norms of nested commutators rather
than operator norms. This leads to a commutator dependence 𝛼comm → 𝛼

(𝜂)
comm which is tighter for

systems of low Fermion number compared to number of orbitals [MCS22; SHC21; Low+23]. We
demonstrate that in our setting, gate complexities depend on an analogous quantity 𝜆comm → 𝜆

(𝜂)
comm,

and leads to the same scaling benefits. We present the explicit form of 𝜆(𝜂)comm and comparative
analysis in Section 6. More generally, we show that our randomized extrapolation procedure attains
refined scaling for Hamiltonians that possess a symmetry, given an input state that that belongs to a
particular symmetry sector.

1.4 Using Trotter extrapolation in practice
So far we have only discussed asymptotic complexities. Here we add some notes on using
extrapolated product formulae in practice. Our ensuing discussion also applies to prior art in product
formulae extrapolation and all settings that we consider in this work – for simplicity of exposition,
we continue using time signal compilation as an example.

First, extrapolation may be used at will without asking for rigorous error bounds, in the same
way it is used extensively in numerical methods. However, one might encounter a scenario for which
it is unclear if extrapolation improves the estimate beyond performing no extrapolation at all, for
instance if verification is not efficient. For this intermediate setting, we provide the following lemma.

Lemma 4 (Radius of convergence). Let P(𝑠𝑇) denote a product formula of fixed order 𝑝 and step
size 𝑠𝑇 . We have

Tr[𝜌P(𝑠𝑇)1/𝑠] − Tr[𝜌𝑒−𝑖𝐻𝑇 ] =
∑︁

𝑗∈𝜎Z+≥𝑝
𝑠 𝑗𝛿 𝑗 , (7)

where
|𝛿 𝑗 | ≤ (𝑐𝜆comm𝑇) 𝑗 (1+1/𝑝) , (8)

for a specified constant 𝑐. Thus, if 𝑠(𝑐𝜆comm𝑇) (1+1/𝑝) ≤ 𝐶 for any 𝐶 > 1, the error takes the form
of a geometrically decaying power series.
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Lemma 4 gives an upper bound on the radius of convergence. Specifically, it states that
above a specified Trotter step number ∝ (𝜆comm𝑇)1+1/𝑝, extrapolation decreases the the error at an
exponential rate with each additional extrapolation point. An end user who does not need a priori
error bounds, though wishes to guarantee that extrapolation is reducing algorithmic error may use
Lemma 4 along with their own extrapolation schedule of choice. We refer the reader to proof of
Lemma 14 and surrounding discussion for the proof.

Second, we remark that in order to write down asymptotic complexities free of extrapolation
parameters (as in discussion in earlier subsections), in this manuscript we use the extrapolation
scheme of Low-Kliuchnikov-Wiebe [LKW19]. However, potentially stronger results for algorithm
complexities are achievable with different extrapolation schemes. We also provide bounds on
resources for a generic extrapolation scheme, which allows an end user to specify gate counts with
rigorous approximation guarantees using their own extrapolation scheme.

Theorem 5 (Time signal with user-defined extrapolation scheme (informal version of Theorem 20)).
Consider any 𝑝th order product formula and consider any extrapolation scheme that cancels powers
𝑝, 𝑝 + 𝜎, ..., 𝑝 + (𝑚 − 2)𝜎 where 𝜎 = 2 if P is a symmetric product formula and 𝜎 = 1 otherwise.
The time signal can be estimated to precision 𝜀 using 𝐶sample calls to Hadamard tests with gate
depths at most 𝐶gate where

𝐶gate = 𝑂
©­«Γ(𝜆comm𝑇)1+1/𝑝

(
4∥®𝑏∥
𝜀

) 1
𝜎 (𝑚−1)+𝑝 ª®¬ , 𝐶gate = 𝑂

(
∥®𝑏∥21
𝜀2

)
, (9)

where ∥®𝑏∥1 is the condition number of the extrapolation schedule (see Definition 10 to come).

We remark that this theorem actually exploits a refined analysis of the error expansion of time
evolution operators that the extrapolation scheme of Low-Kliuchnikov-Wiebe is unable to take
advantage of [LKW19] – this is articulated in a stronger second exponent in the expression in Eq. (9)
which is never larger than 1/𝑝. We provide further discussion and proofs in Section 3.2.

Finally, in Section 12 we numerically demonstrate the promise of heuristic choice of extrapolation
schemes using Theorem 5, as well as heuristic use of Randomized Extrapolation Trotterization. First,
we observe stronger performance over the well-conditioned extrapolation scheme of [LKW19] (from
which our asymptotic bounds are derived) by performing heuristic optimization over extrapolation
parameters. For the plane-wave electronic structure Hamiltonian considered, we then compare
gate complexities over the optimal Trotter-Suzuki formula for any order for a particular problem
posed as a candidate for quantum advantage [Bab+18]. There, under certain assumptions made to
generate constant factors, we find (bounds on) gate complexities for extrapolated product formulae
fall below that of standard Trotter formulae at any order for any mild target precision below 10−2,
if a 10× factor additional sample overhead is allowed (flexible tradeoff of more/fewer samples is
possible). Moreover, we find that extrapolation schedules generated by simple brute-force search
can improve on the asymptotically well-conditioned LKW extrapolation schedule greatly. Second,
to gain insight into performance in practice, for a small system size spin Hamiltonian we exactly
evaluate the empirical (true) error and observe that Randomized Extrapolation Trotterization attains
a much smaller precision over regular Trotter circuits using circuits of smaller gate depth.
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Figure 2: Summary of numerical results. (a): Bounds. For an electronic structure problem we plot the best
available bounds on (a number proportional to and smaller than) the gate depth for regular Suzuki-Trotter
circuits against Randomized Extrapolation Trotterization across orders 𝑝 ∈ 1, 2, 4, 6. Here, all extrapolated
data requires a multiplicative sample overhead increase of factor 10. (b): Empirical Error. For a spin chain
physics problem on 8 qubits we extract the exact precision for 𝑝 = 2. In both plots We use the color of the
data points to indicate the multiplicative sample amplification factor required of Randomized Extrapolation
Trotterization for Task 1(i).

We present a summary of numerical results in Figure 2, with full numerical details are presented
in Section 12. In Figure 2(a) we plot bounds on gate depth for the best performing extrapolated
product formulae compared to the best performing Suzuki-Trotter product formula over a range
of orders for the task of compiling a time signal. In Figure 2(b) we plot the empirical error for
various extrapolation schemes against empirical Trotter error. In both cases we see improvement
over regular product formulae whilst using mild sample overhead.

1.5 Applications
In this subsection we discuss applications for our algorithm framework. First, we demonstrate an
application for ground state energy estimation. Second, we show how to estimate Green’s functions
in many-body physics. Finally, we demonstrate an application for recovering distribution information
of time-evolved states.

1.5.1 Ground state energy estimation

We consider the task of estimating the ground energy 𝐸0 of a given Hamiltonian 𝐻. Such algorithms
require an ansatz state 𝜌 of good overlap with the ground space, and we denote this overlap
𝜂 = Tr[Π0𝜌], where Π0 is the projector onto the ground space. We use the approach proposed
by Lin and Tong [LT22] in which we approximate the Heaviside function using a Fourier series
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approximation. The key idea is the Heaviside function serves as a filter for eigenvalues, and prepares
a cumulative distribution function corresponding to eigenspectrum, weighted by 𝜌. Thus, by probing
values of the (approximate) Heaviside function, one can determine the ground state energy by
finding the first step of the cumulative distribution. It is important to note that Lin and Tong [LT22]
specify their algorithm in terms of time evolution oracles, which needs to be instantiated to perform
full end-to-end analysis. We instantiate their oracle with our primitive, and compile the cumulative
distribution function in a randomized fashion.

method ancillary
qubits

max depth per sample
𝑂 (·)

samples
𝑂 (·)

max depth per sample
𝑘-local 𝑂 (·)

Textbook QFT +
qubitization [LC19]

⌈log(Γ)⌉+
⌈log(𝜀−1)⌉ + 2 ΓΛ 𝜂−1𝜀−1 𝜂−1 ΓΛ 𝜂−1𝜀−1

QET-U + qubitization
[DLT22; LC19] ⌈log(Γ)⌉ + 3 ΓΛ𝜀−1 𝜂−1 ΓΛ𝜀−1

Textbook QFT
+ Trotter ⌈log(𝜀−1)⌉ Γ(𝛼(𝑝+1)comm)1/𝑝𝜂−(1+2/𝑝)𝜀−(1+1/𝑝) 𝜂−1 ΓΛ1/𝑝𝜂−(1+2/𝑝)𝜀−(1+1/𝑝)

QET-U + Trotter
[DLT22] 1 Γ(𝛼(𝑝+1)comm)1/𝑝𝜂−1/𝑝𝜀−(1+1/𝑝) 𝜂−1 ΓΛ1/𝑝𝜂−1/𝑝𝜀−(1+1/𝑝)

Random compiler
[WBC22] 1 Λ2𝜀−2 𝜂−2 Λ2𝜀−2

Rand. Extrap.
Trotterization 1 Γ𝜆

1+1/𝑝
comm 𝜀

−(1+1/𝑝) 𝜂−2 ΓΛ1/𝑝𝜀−(1+1/𝑝)

Table 3: Ground state energy estimation complexity comparison. We consider a Hamiltonian 𝐻 =
∑Γ
ℓ=1 ℎℓ ,

with Λ =
∑Γ
ℓ=1 ∥ℎℓ ∥, and 𝜂 = Tr[𝜌Π0] the initial state overlap. In the final column we explicitly give the gate

depth for 𝑘-local Hamiltonians, assuming constant per-site energy and constant 𝑘 .

We present our algorithm complexity in Table 3 and contextualize it with other approaches in
the literature. We compare our algorithm against textbook phase estimation based on the quantum
Fourier transform (QFT), the QET-U eigenvalue processing algorithm [DLT22], and the statistical
phase estimation algorithm of [WBC22]. The former two algorithms were originally presented with
a time evolution oracle, so we instantiate that oracle with qubitization [LC19] and Trotter formulae.
In a similar comparison of our method with other modern approaches, we observe the following
trade-offs. Disregarding Hamiltonian parameters, the algorithm with the best gate complexity is
the QET-U algorithm with time evolution instantiated by qubitization. However, this may not
be the most amenable approach for early hardware due to arguments made prior. On the other
hand, algorithms that utilize regular Trotter circuits introduce an additional gate overhead of 𝜂−1/𝑝,
whereas other approaches have gate complexity polylogarithmic in 𝜂.

Our approach combines many favorable aspects of prior art: it uses one ancillary qubit, it attains
close to Heisenberg scaling in 𝜀 (for higher order product formulae), and the gate complexity depends
logarithmically on the ground state overlap. To our knowledge, our approach is the only method
that attains these three features simultaneously. Moreover, our algorithm can have significantly
refined dependence on Hamiltonian parameters, as is showcased in the final column of Table 3 for
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the example of 𝑘-local systems. We recall from Subsection 1.3.3 that interpolative scaling with
that of [WBC22] is always available, so our approach achieves the best gate depth with respect to
Hamiltonian parameters for 𝑘-local systems up to logarithmic factors).

1.5.2 Green’s Functions

Green’s functions characterize how a quantum many-body system responds to external perturbations.
It can be used directly to evaluate physical quantities such as spectral density, dynamic structure
factor, and its evaluation is a central computational step in DMFT calculations. In this section we
focus on Green’s function in the frequency domain, although estimation of the time-domain Green’s
function is also readily available with our methods. We consider the resolvent operator, defined as

𝑅(𝜔, 𝜂broad) = (𝜔 + 𝑖𝜂broad − 𝐻̂)−1, (10)

where 𝐻̂ = 𝐻 − 𝐸0 is a normalized Hamiltonian with ground state energy 0, and 𝜔 is the energy
variable. A small broadening factor (𝜂broad > 0) is introduced to shift the poles of the resolvent into
the complex plane – this determines the resolution of spectral quantities. The (retarded) Green’s
function is defined as

𝐺 (𝜔, 𝜂broad) = ⟨𝜓0 | 𝑎̂ 𝑅(𝜔, 𝜂broad)𝑎̂† |𝜓0⟩ (11)

where |𝜓0⟩ is the ground state and 𝑎̂† and 𝑎̂ are creation and annihilation operators respectively.
We use the Fourier series approximation of the resolvent found in [KDW21] and our algorithm

framework to give the following result.

Theorem 6 (Green’s function evaluation (informal version of Theorem 50)). The Green’s function
defined in Eq. (11) can be can be estimated to additive error 𝜀 and arbitrary constant success prob-
ability with 𝑂

(
1/𝜂2

broad 𝜀
2) runs of circuits with maximum circuit depth 𝑂

(
Γ(𝜆comm/𝜂broad)1+1/𝑝

)
.

We present full details and discussion in Section 10

1.5.3 Time-evolved states

In our final application, we estimate the measurement distribution of a time-evolved state in the
computational basis. This can also be simply generalized to measurement distributions in any
(efficiently-reachable) basis.

We remark that a simple generalization of our core primitive allows the estimation of any
probability mass 𝑝𝑖 := | ⟨𝑖 | 𝑒−𝑖𝐻𝑇 |𝜓⟩ |2 to additive error with the same complexity as in Table 1.
However, by using our algorithm for Task 2 we can also do the following.

Theorem 7 (Sampling distribution of time-evolved states (informal version of Theorem 51)). We
give an algorithm to approximate the probability distribution with values 𝑝𝑖 := | ⟨𝑖 | 𝑒−𝑖𝐻𝑇 |𝜓⟩ |2 with
error 𝜀 in ℓ2-distance, with arbitrary constant success probability. The algorithm uses 𝑂 (1/𝜀2)
runs of circuits with one ancillary qubit and maximum gate depth 𝑂

(
Γ (𝜆comm 𝑇)1+

1
𝑝 log(1/𝜀)

)
.
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Let us briefly discuss how this result compares to the standard route of time evolving a state
with a chosen Hamiltonian simulation algorithm directly and measuring in the computational basis.
In this case, it is sufficient to take the standard gate complexity and ancillary overhead to instantiate
the time evolution unitary 𝑒−𝑖𝐻𝑇 to operator norm error 𝜀, and the sample overhead is 𝑂 (1/𝜀2).
Thus, the comparison of our approach to other algorithms is almost entirely equivalent to that of
Table 1 for the task of compiling a time signal – the only difference is that the sample overhead of
our algorithm for Theorem 7 is a poly-log-logarithmic factor larger than that for our algorithm to
compile the time signal. We present further details in Section 11.

1.6 Discussion
We have performed a broad study of algorithms for matrix function problems where data is extracted
from quantum circuits consisting of Hadamard tests of product formulae circuits. By choosing a
particular (randomized) scheduling of Trotter step numbers and classical postprocessing, we can
obtain exponentially reduced gate complexities over using product formulae alone in a parameter
corresponding to the precision of simulating time evolution. Mathematically, this corresponds
to extrapolating product formulae towards zero algorithmic error. Meanwhile, we show that the
other contributions to the gate complexity behave in the same refined manner as standard product
formulae in many settings – this extends the observations of [Cha+25] which demonstrates refined
performance when the commutator factor obeys a certain analytical scaling. We also demonstrate an
interpolative scaling with the randomized algorithms of [WBC22; WMB24], meaning performance
can never be worse than this prior art.

Whilst we have explicitly written circuits that utilize controlled time evolution, we remark that
in implementation in certain settings, the product formula itself does not have to be explicitly
controlled, and can instead be conjugated by controlled gates [LT22, Appendix E]; [Yos+25]. Recent
study has also asked what properties of 𝐴 can be determined from direct time evolution and no
control gates at all [Cli+24], or limited control [Pat+26]. We frame the following interesting open
question in the general context of matrix functions: what properties can be gleaned of 𝑓 (𝐻) given
non-controlled time evolution of 𝐴?

Our methods may yield promising performance in practice in a heuristic or semi-heuristic fashion
in a similar spirit to the efficacy of product formulae observed in experiment and simulation. For
this, we provide intermediate results for users who may not need error guarantees (but wish to know
that extrapolation is improving performance), or for users who wish to numerically optimize their
own extrapolation schedules. Within this framework, one can optimize an extrapolation scheme
along whatever one’s preferred axis is between gate complexity and sample complexity. Our own
numerical analysis demonstrates that heuristic optimization can be useful in practice and significantly
improve upon gave complexities of known well-conditioned extrapolation schemes, particularly at
larger order. We leave open space for refined optimization beyond the simple brute-force search
considered in our work.

A final important direction is to see if additional useful properties of product formulae also
hold for extrapolated product formulae. It is known for 𝑘-local systems product formulae perform
better on input states that lie in a low-energy subspace [ŞS21; HZA24; MK25], and have stronger
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average-case guarantees than worst-case bounds provide [CB21; Zha+22]. Whether the same applies
for extrapolated product formulae is an open question which we leave for further exploration.

2 Preliminaries
Basic notation. For vectors, we denote ∥®𝑣∥𝑝 as the ℓ𝑝 norm. For operators, we denote ∥𝐻∥ as the
spectral norm and denote ∥𝐻∥𝑝 as the Schatten-𝑝 norm. To facilitate colloquial exposition, we will
use the notation 𝑎

𝜀≈ 𝑏 to signify |𝑎 − 𝑏 | ≤ 𝜀 for scalars and 𝐴
𝜀≈ 𝐵 to signify ∥𝐴 − 𝐵∥ ≤ 𝜀 for

operators. We will often discuss nested commutators, for which we adopt the simplifying notation[
𝐻𝛾1 , · · · , 𝐻𝛾 𝑗

]
:=

[
𝐻𝛾1 , · · ·

[
𝐻𝛾 𝑗−1 , 𝐻𝛾 𝑗

] ]
. (12)

We use 𝑂 (·) as big-𝑂 notation with polylogarithmic factors omitted.
Product formulae. In our work we consider general product formulae, which encompass

Lie–Trotter and higher-order Suzuki formulas.

Definition 8 (Staged Product Formula [Chi+21]). Given a matrix 𝐻 of the form in Definition 1, a
staged product formula P(𝑡) of symmetry class 𝜎 is an approximation to 𝑒−𝑖𝐻𝑡 of the form

P(𝑡) :=
Υ∏
𝜐=1

Γ∏
𝛾=1

𝑒−𝑖𝑡 𝑎 (𝜐,𝛾) 𝐻𝜋𝜐 (𝛾) , (13)

where:

• Υ ∈ Z+ is the number of stages,

• 𝑎 (𝜐,𝛾) ∈ R are real-valued coefficients,

• 𝜋𝜐 are permutations on the Γ constituent terms of 𝐻,

• 𝜎 is the symmetry class where 𝜎 = 2 if P(𝑡)−1 = P(−𝑡), or 𝜎 = 1 otherwise

We denote 𝑎max := max𝜐,𝛾 |𝑎 (𝜐,𝛾) |.

The order of a product formula denotes how well it approximates 𝑒−𝑖𝐻𝑡 in the small-time limit.
Specifically, a product formula is defined to be of order 𝑝 ∈ Z+ if it satisfies

∥P(𝑡) − 𝑒−𝑖𝐻𝑡 ∥ = 𝑂 (𝑡 𝑝+1) as 𝑡 → 0. (14)

To give a concrete example, the first order Trotter formula takes the form

P1(𝑡) :=
Γ∏
𝛾=1

𝑒−𝑖𝑡𝐻𝛾 , (15)

i.e. it has Υ = 1, and it is non-symmetric. Higher order Suzuki formulae are symmetric, and the
order 2𝑘-th formula has number of stages Υ = 2 · 5𝑘−1. Throughout, we assume a cost model where
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each 𝑒−𝑖𝑡𝐻𝛾 can be implemented in unit time (gate depth) for any 𝑡.3 When using product formulae
for Hamiltonian simulation of some target time 𝑇 , it is common to divide 𝑇 into 𝑟 equal pieces, so
that

P(𝑇/𝑟)𝑟 ≈ 𝑒−𝑖𝐻𝑇 , (16)

where the error in approximation is 𝑂 (𝑇 𝑝+1/𝑟 𝑝) and thus controllable by setting a large enough 𝑟.
We refer to 𝑟 throughout as the Trotter step number, and we will frequently use its inverse which we
denote as 𝑠 = 1/𝑟 . It will be useful to consider the effective Hamiltonian 𝐻eff that a product formula
generates, defined by the relation

P(𝑡) = 𝑒−𝑖𝑡𝐻eff (𝑡) . (17)

Throughout all our analytical results we assume that 𝑝 = 𝑂 (1).
Matrix functions. When we refer to matrix functions throughout our manuscript we consider the

eigenvalue transform.

Definition 9 (Eigenvalue transform). For Hermitian matrix 𝐻 with eigendecomposition 𝐻 =∑
𝑖 𝑒𝑖 |𝑒𝑖⟩⟨𝑒𝑖 | we denote

𝑓 (𝐻) =
∑︁
𝑖

𝑓 (𝑒𝑖) |𝑒𝑖⟩⟨𝑒𝑖 | . (18)

Richardson extrapolation. Finally, we introduce some preliminaries about Richardson extrapola-
tion.

Definition 10 (Extrapolation schedule). Consider a functional form

𝑔(𝛿) = 𝑔(0) +
𝑛∑︁
𝑗=1
𝑔 𝑗𝛿

𝜎𝑗 +𝑂 (𝛿𝜎𝑛+1) , (19)

where 𝜎𝑗 are ascending integer powers and 𝛿 is some small parameter. We say that an extrapolation
schedule of order 𝑚 ≤ 𝑛 is a list of tuples {(𝑏𝑘 , 𝑞𝑘 )}𝑚𝑘=1 that satisfy

𝑉 ®𝑏 = (1, 0, ..., 0) (20)

where 𝑉 is the 𝑚 × 𝑚 (generalized) Vandermonde matrix with entries 𝑉 𝑗 𝑘 = (𝛿/𝑞𝑘 )𝜎𝑗−1 . This
guarantees that the quantity 𝐺 (𝑚) (𝛿) = ∑𝑚

𝑘=1 𝑏𝑘 𝑔(𝛿/𝑞𝑘 ) satisfies���𝐺 (𝑚) (𝛿) − 𝑔(0)��� ≤ ∥®𝑏∥1 ( 𝑛∑︁
𝑗=𝑚

𝑔 𝑗𝛿
𝜎𝑗 +𝑂 (𝛿𝜎𝑛+1)

)
, (21)

i.e. that 𝐺 (𝑚) (𝛿) serves as an estimator of 𝑔(0) to leading order error 𝑂 (𝛿𝜎𝑗 ), amplified by ∥®𝑏∥1.
We refer to ∥®𝑏∥1 as the condition number of the extrapolation schedule.

3In practice, if 𝐻𝛾 is a Pauli string with 𝑤 non-identity Paulis, the depth of implementing 𝑒−𝑖𝑡𝐻𝛾 is log(𝑤), with
𝑂 (𝑤) 𝑇 gates.
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Throughout our manuscript we will index extrapolation factors in ascending order 𝑞1 ≤ · · · ≤ 𝑞𝑚.
A useful fact is that for structured error series where the error powers to be canceled are equally
spaced, 𝜎𝑗 = 𝑎 𝑗 with 𝑎 ∈ Z \ {0}, the system (20) admits the closed-form solution

𝑏𝑘 = (𝑉−1)𝑘1 =
∏
𝑖≠𝑘

𝑐𝑎
𝑖

𝑐𝑎
𝑖
− 𝑐𝑎

𝑘

, 𝑐𝑘 := 𝛿/𝑞𝑘 . (22)

Otherwise, one may solve (20) numerically.

3 Series expansion for Trotterized time evolution
In this section, we derive a error series expansion for product formulae, and use it to demonstrate
conditions under which extrapolated product formulae obtain exponentially suppressed errors. This
will form the theoretical basis of our Randomized Extrapolation Trotterization protocol.

3.1 Operator error series
Our first goal is to express Trotterized time evolution as a power series in the inverse Trotter step
number 𝑠 := 1/𝑟. Characterization of this series expansion will be the key tool to allow use of
Richardson extrapolation. We start by quoting a specific incarnation of the Magnus expansion.

Lemma 11 (Effective Hamiltonian Error Series ([WW25], Lemma 2)). Let P(𝑡) be a staged 𝑝-th
order product formula (as defined in Definition 8) of symmetry class 𝜎, and let 𝐻eff (𝑡) be its
corresponding the effective Hamiltonian of P defined by the relation in Eq. (17). Suppose that there
exists 𝐽 ∈ Z+ and 𝐶 ∈ R+ such that sup 𝑗≥𝐽 𝛼

( 𝑗)
comm (𝑎maxΥ|𝑡 |) 𝑗 ≤ 𝐶. Then the effective Hamiltonian

can be written as a convergent series

𝐻eff (𝑡) = 𝐻 +
∞∑︁
𝑗=1

𝐸 𝑗+1𝑡
𝑗 , (23)

where 𝐸 𝑗 has bounded size

∥𝐸 𝑗 ∥ ≤
(𝑎maxΥ) 𝑗

𝑗2
𝛼
( 𝑗)
comm . (24)

We can refine the above statement for higher order or symmetric product formulae.

Lemma 12 (Refined effective Hamiltonian error series). ([WW25, Lemma 3]) Assume the conditions
of Lemma 11. The error operators 𝐸 𝑗+1 are zero for all 𝑗 < 𝑝, and for symmetric product formulae
𝐸 𝑗+1 = 0 for odd 𝑗 . Thus, we can write

𝐻eff (𝑡) = 𝐻 +
∑︁

𝑗∈𝜎Z≥𝑝
𝐸 𝑗+1𝑡

𝑗 , (25)

where 𝜎 ∈ {1, 2} denotes the symmetry class of the product formula.
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For convenience, we express the effective Hamiltonian as

𝐻eff (𝑡) = 𝐻 + Δ(𝑡) , (26)

where Δ(𝑡) = ∑∞
𝑗=1 𝐸 𝑗+1𝑡

𝑗 and 𝐻 is the Hamiltonian of interest that we are trying to simulate. We
can apply the variation of parameters formula to this expression to write

P1/𝑠 (𝑠𝑇) = 𝑒𝑖𝑇𝐻eff (𝑠𝑇) = 𝑒𝑖𝐻𝑇 +
∫ 𝑇

0
𝑒𝑖(𝑇−𝜏)𝐻𝑖Δ(𝑠𝑇)𝑒𝑖𝜏𝐻eff (𝑡)𝑑𝜏. (27)

This formula can then be iterated to prove the following lemma.

Lemma 13. Let P(𝑡) be a staged 𝑝th order product formula of symmetry class 𝜎 and subsume the
conditions in Lemma 11. Then, the approximation error (operator) of P1/𝑠 (𝑠𝑇) with inverse Trotter
step number 𝑠 compared with an exact evolution of 𝐻 may be expressed as

P1/𝑠 (𝑠𝑇) − 𝑒𝑖𝐻𝑇 =
∑︁

𝑗∈𝜎Z+≥𝑝
𝑠 𝑗 𝐸̃ 𝑗+1(𝑇) , (28)

where, 𝐸̃ 𝑗+1(𝑇) are operators whose operator norm are bounded as

∥𝐸̃ 𝑗+1(𝑇)∥ ≤
⌊ 𝑗/𝑝⌋∑︁
𝑙=1

(𝑎maxΥ𝑇𝜆comm) 𝑗+𝑙
𝑙!

. (29)

where we have denoted

𝜆comm := sup
𝑗∈𝜎Z+≥𝜎𝑚
1≤𝑙≤⌊ 𝑗/𝑝⌋

𝜆 𝑗 ,𝑙 , 𝜆 𝑗 ,𝑙 :=
( ∑︁
𝑗1... 𝑗1∈𝜎Z+≥𝑝
𝑗1+···+ 𝑗𝑙= 𝑗

𝑙∏
𝜅=1

𝛼
( 𝑗𝜅+1)
comm

( 𝑗𝜅 + 1)2

)1/( 𝑗+𝑙)
. (30)

We provide the full proof in Appendix A.

3.2 Extrapolation error
In this subsection we use the error series on the time evolution operator to characterize the error
incurred for any extrapolation scheme.

Lemma 14 (Extrapolation error for time signal). Let P be a staged 𝑝th order product formula of
symmetry class 𝜎. Take any 𝑚-term extrapolation schedule 𝑅 = {(𝑏𝑘 , 𝑞𝑘 )}𝑚𝑘=1 of inverse Trotter
step sizes 𝑠𝑘 = 𝑠/𝑞𝑘 , which cancels the powers {𝜎, 2𝜎, . . . , (𝑚 − 1)𝜎}, where 𝜎𝑚 ≥ 𝑝. For a
target evolution time 𝑇 denote

P (𝑅)𝑝,𝑚 (𝑇) :=
𝑚∑︁
𝑘=1

𝑏𝑘P1/𝑠𝑘 (𝑠𝑘𝑇) , (31)
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as the extrapolation of product formulae according to this schedule. We consider a Hamiltonian
which assumes the conditions of Lemma 13. Choose the largest inverse Trotter step number 𝑠1 such
that 𝑠1(𝑎maxΥ𝜆comm𝑇)1+1/𝑝 ≤ 1/2. Then, the error in the extrapolation of a Trotterized time signal,
as compared to an exact time signal, satisfies


P (𝑅)𝑝,𝑚 (𝑇) − 𝑒𝑖𝐻𝑇




 ≤ 4∥®𝑏∥1𝑠𝜎𝑚 ·max
{
1, (𝑎maxΥ𝜆comm𝑇)𝜎𝑚+⌊𝜎𝑚/𝑝⌋

}
. (32)

for any quantum state 𝜌, where ∥®𝑏∥1 =
∑
𝑘 |𝑏𝑘 |, and we denote

𝜆comm := sup
𝑗∈𝜎Z+≥𝜎𝑚
1≤𝑙≤⌊ 𝑗/𝑝⌋

𝜆 𝑗 ,𝑙 , 𝜆 𝑗 ,𝑙 :=
( ∑︁
𝑗1... 𝑗1∈𝜎Z+≥𝑝
𝑗1+···+ 𝑗𝑙= 𝑗

𝑙∏
𝜅=1

𝛼
( 𝑗𝜅+1)
comm

( 𝑗𝜅 + 1)2

)1/( 𝑗+𝑙)
. (33)

Proof. From Lemma 13, recall we have the error series in 𝑠 as

P1/𝑠 (𝑠𝑇) − 𝑒𝑖𝐻𝑇 =
∑︁

𝑗∈𝜎Z+≥𝑝
𝑠 𝑗 𝐸̃ 𝑗+1(𝑇) . (34)

Extrapolation removes all terms of size up to and including 𝑂 (𝑠𝜎(𝑚−1)) in the series. We denote
extrapolation error (operator) as

P (𝑅)𝑝,𝑚 (𝑇) − 𝑒𝑖𝐻𝑇 =

𝑚∑︁
𝑘=1

𝑏𝑘𝑅𝜎(𝑚−1) (𝑇, 𝑠𝑘 ) . (35)

where 𝑅𝜎(𝑚−1) (𝑇, 𝑠𝑘 ) denotes the Taylor remainder of degree 𝜎(𝑚 − 1), taking the form

𝑅𝜎(𝑚−1) (𝑇, 𝑠𝑘 ) :=
∑︁
𝑗∈𝜎Z+
𝑗≥𝜎𝑚

𝑠
𝑗

𝑘
𝐸̃ 𝑗+1(𝑇) , (36)

for each inverse Trotter step 𝑠𝑘 . The Taylor remainder for inverse Trotter step 𝑠𝑘 has size



𝑅𝜎(𝑚−1) (𝑇, 𝑠𝑘 )


 ≤ ∑︁

𝑗∈𝜎Z+
𝑗≥𝜎𝑚

𝑠
𝑗

𝑘



𝐸̃ 𝑗+1(𝑇)

 ≤ ∑︁
𝑗∈𝜎Z+
𝑗≥𝜎𝑚

𝑠
𝑗

𝑘

⌊ 𝑗/𝑝⌋∑︁
𝑙=1

(𝑎maxΥ𝜆comm𝑇) 𝑗+𝑙

𝑙!
, (37)

where we have used Lemma 13. Further, note that the inner sum (bound on ∥𝐸̃ 𝑗+1(𝑇)∥) satisfies

⌊ 𝑗/𝑝⌋∑︁
𝑙=1

(𝑎maxΥ𝜆comm𝑇) 𝑗+𝑙

𝑙!
≤ (𝑎maxΥ𝜆comm𝑇) 𝑗

⌊ 𝑗/𝑝⌋∑︁
𝑙=1

(𝑎maxΥ𝜆comm𝑇)𝑙

𝑙!
(38)

≤ (𝑎maxΥ𝜆comm𝑇) 𝑗 𝜂⌊ 𝑗/𝑝⌋ (𝑒 − 1) , (39)

where in the final line we have used the fact that
∑∞
𝑙=1

1
𝑙! ≤ (𝑒−1), and denoted 𝜂 = max{1, 𝑎maxΥ𝜆comm𝑇}.
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We can bound the sum in the remainder in Eq. (37) using the largest inverse step number 𝑠1.
Using this fact and denoting ®𝑏 := (𝑏1, .., 𝑏𝑚) as the vector of extrapolation coefficients, the size of
the error can be bounded as

∥P (𝑅)𝑝,𝑚 (𝑇) − 𝑒𝑖𝐻𝑇 ∥ ≤ ∥®𝑏∥1 ·


𝑅𝜎(𝑚−1) (𝑇, 𝑠1)



 (40)

≤ ∥®𝑏∥1 · (𝑒 − 1)
∑︁
𝑗∈𝜎Z+
𝑗≥𝜎𝑚

𝑠
𝑗

1𝜂
⌊ 𝑗/𝑝⌋ (𝑎maxΥ𝜆comm𝑇) 𝑗 (41)

≤ ∥®𝑏∥1 · (𝑒 − 1) (𝑠1𝑎maxΥ𝜆comm𝑇)𝜎𝑚 𝜂⌊𝜎𝑚/𝑝⌋
∑︁
𝑗∈𝜎Z+
𝑗≥0

𝑠
𝑗

1 (𝑎maxΥ𝜆comm𝑇) 𝑗 𝜂⌊ 𝑗/𝑝⌋

(42)

≤ ∥®𝑏∥1 · (𝑒 − 1) (𝑠1𝑎maxΥ𝜆comm𝑇)𝜎𝑚 𝜂⌊𝜎𝑚/𝑝⌋
∑︁
𝑗∈𝜎Z+
𝑗≥0

(
1
2

) 𝑗
(43)

≤ 4∥®𝑏∥1𝜂⌊𝜎𝑚/𝑝⌋ (𝑠1𝑎maxΥ𝜆comm𝑇)𝜎𝑚 , (44)

where the penultimate line is true if 𝑠1(𝑎maxΥ𝜆comm𝑇)1+1/𝑝 ≤ 1/2. □

We remark that within the above analysis we have also provided a proof of Lemma 4. Namely,
we have shown that there is an error series

P1/𝑠 (𝑠𝑇) − 𝑒𝑖𝐻𝑇 =
∑︁

𝑗∈𝜎Z+≥𝑝
𝑠 𝑗 𝐸̃ 𝑗+1(𝑇) , (45)

where for late times, ∥𝐸̃ 𝑗+1(𝑇)∥ ≤ (𝑒 − 1) (𝑎maxΥ𝜆comm𝑇) (1+1/𝑝) . Thus, if the inverse Trotter step
size 𝑠 satisfies 𝑠(𝑎maxΥ𝜆comm𝑇) 𝑗 (1+1/𝑝) ≤ 1/(𝑒 − 1), the error series is geometrically decaying.

Returning to our above bound on extrapolation error, we can now simply derive a sufficient
number of Trotter steps to attain a desired precision 𝜀.

Lemma 15 (Trotter step number for extrapolated circuits). Subsume the setting of Lemma 14. In
order to attain precision ∥P (𝑅)𝑝,𝑚 (𝑇) − 𝑒𝑖𝐻𝑇 ∥ ≤ 𝜀, it is sufficient for the costliest product formula to
use a number of Trotter steps no more than

𝑟max = 𝑞𝑚


1
𝑞1

max
{
1, (𝑎maxΥ𝜆comm𝑇)1+1/𝑝

} (
4∥®𝑏∥1
𝜀

) 1
𝜎𝑚  . (46)

Proof. Following on from Lemma 14, we obtain the desired error guarantee if

4∥®𝑏∥1𝑠𝜎𝑚1 ·max
{
1, (𝑎maxΥ𝜆comm𝑇)𝜎𝑚+⌊𝜎𝑚/𝑝⌋

}
≤ 𝜀 , (47)

where 𝑠1 = 𝑠/𝑞1 and so it is sufficient to take a base number of Trotter steps

𝑟min = 1/𝑠 =


1
𝑞1

max
{
1, (𝑎maxΥ𝜆comm𝑇)1+1/𝑝

} (
4∥®𝑏∥1
𝜀

) 1
𝜎𝑚  (48)
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where we have taken a ceiling function so that there are an integer number of steps for all the product
formulae in the extrapolation have an integer number of Trotter steps. The lemma is completed by
observing that in our extrapolation scheme the largest number of steps taken is 𝑞𝑚/𝑠 □

In the above we have presumed access to an extrapolation scheme which cancels integer powers
for non-symmetric product formulae and even powers for symmetric product formulae. However,
we have not used the fact that the error series in Lemma 11 has lowest order term 𝑂 (𝑠𝑝), meaning
that such an extrapolation scheme is canceling error terms that are already trivial for powers below
𝑝. We will use our above lemmas to write specific asymptotic results using the extrapolation
scheme of [LKW19] which shares this property. However, we can always find alternative specialized
extrapolation schemes which also cancel error terms starting from 𝑂 (𝑠𝑝), which we detail below.
This result will be used in our numerical experiments.

Lemma 16 (Error for user-specified schedules). Let P be a staged 𝑝th order product formula of
symmetry class 𝜎. Take any𝑚-term extrapolation schedule 𝑅 = {(𝑏𝑘 , 𝑞𝑘 )}𝑚𝑘=1 of inverse Trotter step
sizes 𝑠𝑘 = 𝑠/𝑞𝑘 , which cancels the powers {𝑝, 𝑝 + 𝜎, . . . , 𝑝 + (𝑚 − 2)𝜎}. For a target evolution
time 𝑇 denote

P (𝑅)𝑝,𝑚 (𝑇) :=
𝑚∑︁
𝑘=1

𝑏𝑘P1/𝑠𝑘 (𝑠𝑘𝑇) (49)

as the extrapolation of product formulae according to this schedule. We consider a Hamiltonian
which assumes the conditions of Lemma 13. Choose the reference inverse Trotter step number 𝑠
such that 𝑠1𝑎maxΥ𝜆comm𝑇 < 1/2. Then, the error in the extrapolated time signal satisfies


P (𝑅)𝑝,𝑚 (𝑇) − 𝑒𝑖𝐻𝑇




 ≤ 𝜀 , (50)

by taking maximum number of Trotter steps

𝑟max = 𝑞𝑚


1
𝑞1

max
{
1, (𝑎maxΥ𝜆comm𝑇)1+1/𝑝

} (
4∥®𝑏∥1
𝜀

) 1
𝜎 (𝑚−1)+𝑝  . (51)

where we have denoted ∥®𝑏∥1 =
∑
𝑘 |𝑏𝑘 |.

Proof. The Taylor remainder for inverse Trotter step 𝑠𝑘 has size

𝑅𝜎(𝑚−1) (𝑇, 𝑠𝑘 )


 ≤ ∑︁

𝑗∈𝜎Z+
𝑗≥𝜎(𝑚−1)+𝑝

𝑠
𝑗

𝑘



𝐸̃ 𝑗+1(𝑇)

 (52)

≤
∑︁
𝑗∈𝜎Z+

𝑗≥𝜎(𝑚−1)+𝑝

𝑠
𝑗

𝑘

⌊ 𝑗/𝑝⌋∑︁
𝑙=1

(𝑎maxΥ𝜆comm𝑇) 𝑗+𝑙

𝑙!
(53)

≤ (𝑒 − 1)
∑︁
𝑗∈𝜎Z+

𝑗≥𝜎(𝑚−1)+𝑝

𝑠
𝑗

𝑘
(𝑎maxΥ𝜆comm𝑇) 𝑗 𝜂⌊ 𝑗/𝑝⌋ . (54)
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where the first two inequalities come from Lemma 13, and the final inequality was established in the
proof of Lemma 11. Using this, the size of the error can be bounded as

∥P (𝑅)𝑝,𝑚 (𝑇) − 𝑒𝑖𝐻𝑇 ∥ ≤ (55)

≤ ∥®𝑏∥1 ·


𝑅𝜎(𝑚−1) (𝑇, 𝑠1)



 (56)

≤ ∥®𝑏∥1 · (𝑒 − 1)
∑︁
𝑗∈𝜎Z+

𝑗≥𝜎(𝑚−1)+𝑝

𝑠
𝑗

1𝜂
⌊ 𝑗/𝑝⌋ (𝑎maxΥ𝜆comm𝑇) 𝑗 (57)

≤ ∥®𝑏∥1 · (𝑒 − 1) (𝑠𝑎maxΥ𝜆comm𝑇)𝜎(𝑚−1)+𝑝 𝜂⌊𝜎(𝑚−1)/𝑝⌋+1
∑︁
𝑗∈𝜎Z+
𝑗≥0

𝑠
𝑗

1 (𝑎maxΥ𝜆comm𝑇) 𝑗 𝜂⌊ 𝑗/𝑝⌋

(58)

≤ ∥®𝑏∥1 · (𝑒 − 1) (𝑠1𝑎maxΥ𝜆comm𝑇)𝜎(𝑚−1)+𝑝 𝜂⌊𝜎(𝑚−1)/𝑝⌋+1
∑︁
𝑗∈𝜎Z+
𝑗≥0

(
1
2

) 𝑗
(59)

≤ 4∥®𝑏∥1𝜂⌊𝜎(𝑚−1)/𝑝⌋+1 (𝑠1𝑎maxΥ𝜆comm𝑇)𝜎(𝑚−1)+𝑝 . (60)

where we have denoted ®𝑏 := (𝑏1, .., 𝑏𝑚) as the vector of extrapolation coefficients, and the penultimate
line is true if 𝑠1(𝑎maxΥ𝜆comm𝑇)1+1/𝑝 ≤ 1/2. Thus, the error is less than 𝜀 if we take base Trotter
step number equal to

𝑟1 = 1/𝑠1 =


1
𝑞1
(𝑎maxΥ𝜆comm𝑇)1+1/𝑝

(
4∥®𝑏∥
𝜀

) 1
𝜎 (𝑚−1)+𝑝  . (61)

□

We see that there is a stronger exponent on (1/𝜀) compared to Lemma 15.

3.3 Well-conditioned extrapolation strategy
In order to make asymptotic statements independent of extrapolation parameters we now adopt a
particular Richardson extrapolation strategy found in [LKW19] – this allows an approximation with
error 𝑂 (𝑠𝜎𝑚), using coefficients whose condition number grows only as 𝑂 (log𝑚). This will satisfy
the extrapolation properties of Lemmas 14 and 15, but not Lemma 16.

Lemma 17. (LKW Well-conditioned Richardson extrapolation [LKW19; Wat+22] (Lemma 5 in
[WW25])) Let 𝑓 be an even, real-valued function of 𝑠, and let 𝑝 𝑗 and 𝑟 𝑗 be the degree 𝑗 Taylor
polynomial and Taylor remainder, respectively, such that 𝑓 (𝑠) = 𝑝 𝑗 (𝑠) + 𝑟 𝑗 (𝑠). Let

𝐹 (𝑚) (𝑠) =
𝑚∑︁
𝑘=1

𝑏𝑘 𝑓 (𝑠𝑘 ) (62)
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be the unique Richardson extrapolation 𝑅 = {𝑏𝑘 , 𝑞𝑘 } of 𝑓 at points 𝑠1, 𝑠2, . . . 𝑠𝑚 given by

𝑠𝑘 =
𝑠

𝑞𝑘
; 𝑞𝑘 = 𝑞scale

⌈ √
8𝑚/𝜋

sin(𝜋(2𝑘 − 1)/8𝑚)

⌉
, 𝑘 ∈ {1, . . . , 𝑚} , (63)

where 𝑞scale ∈ Z+ satisfies 𝑚 ≤ 𝑞𝑘/𝑞scale ≤ 3𝑚2 [LKW19], and 𝑏𝑘 given by

𝑏𝑘 =
∏
𝑖≠𝑘

𝑥2
𝑖

𝑥2
𝑖
− 𝑥2

𝑘

. (64)

Then, the extrapolated function satisfies

𝐹 (𝑚) (𝑠) = 𝑓 (0) +
𝑚∑︁
𝑘=1

𝑏𝑘𝑟2𝑚 (𝑠𝑘 ) , (65)

and ∥®𝑏∥1 = 𝑂 (log𝑚).

We can use this extrapolation strategy to write down the asymptotic scaling we use throughout
our main results.

Lemma 18 (Time evolution gate complexity with well-conditioned extrapolation). Suppose that
P (𝑅)𝑝,𝑚 (𝑇) is constructed using the well-conditioned extrapolation strategy of Lemma 17. We attain
extrapolation error ∥𝑒−𝑖𝐻𝑇 − P (𝑅)𝑝,𝑚 (𝑇)∥ ≤ 𝜀 using 𝑚 = 𝑂 (log(1/𝜀)) extrapolation circuits, each
with at most 𝑂

(
(𝑎maxΥ𝜆comm𝑇) (1+1/𝑝) log(1/𝜀)

)
Trotter steps.

Proof. We see that the extrapolation scheme of [LKW19] has properties that 𝑞max/𝑞min ≤ 3𝑚. We
can directly substitute this into Eq. (46) with choice 𝑚 = ⌈log(1/𝜀)⌉. We thus have

𝑟max = 𝑂
©­«log(1/𝜀) (𝑎maxΥ𝜆comm𝑇)1+1/𝑝

(
4∥®𝑏∥1
𝜀

) 1
𝜎⌈log(1/𝜀) ⌉ ª®¬ . (66)

As (1/𝜀)1/log(1/𝜀) = 𝑂 (1) and ∥®𝑏∥1 = 𝑂 (log𝑚) we thus have the largest number of Trotter steps
satisfying

𝑟max = 𝑂

(
(𝑎maxΥ𝜆comm𝑇) (1+1/𝑝) log(1/𝜀)

)
. (67)

□

4 Randomized algorithm framework for matrix functions
So far we have seen how to approximate the time evolution operator mathematically as a linear
combination of 𝑚 instances of a 𝑝th order product formulae, specifically seeking conditions when
∥𝑒−𝑖𝐻𝑇 − P (𝑅)𝑝,𝑚 (𝑇)∥ ≤ 𝜀𝑅. We will hereon refer to 𝜀𝑅 as the (Richardson) extrapolation error. In
this section we will demonstrate how to compile the time evolution operator as part of an algorithm,
which will allow us to instantiate Tasks 1 and 2 as laid out in the introduction.
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4.1 A sketch for the warm-up problem
To give intuition for how our algorithms work, we first sketch how to give an algorithm for our
warm-up task: approximating Tr[𝜌𝑒−𝑖𝐻𝑇 ] to additive error 𝜀. Later, our warm-up task will be
formally instantiable as a special case of our algorithm for Task 1.

Lemma 18 allows us to write

Tr[𝜌P (𝑅)𝑝,𝑚 (𝑇)] =
𝑚∑︁
𝑘=1

𝑏𝑘 Tr[𝜌P1/𝑠𝑘 (𝑠𝑘𝑇)]
𝜀𝑅≈ Tr[𝜌𝑒−𝑖𝐻𝑇 ] , (68)

where the approximation guarantee is possible due to Holder’s inequality (∥𝜌∥1 = 1). Note that
Tr[𝜌P (𝑅)𝑝,𝑚 (𝑇)] can be simply framed as a quasiprobability distribution over quantities of the form
Tr[𝜌𝑈𝑘 ], where𝑈𝑘 is an efficiently implementable unitary (product formula). Each Tr[𝜌𝑈𝑘 ] can be
simply obtained via a Hadamard test – specifically, it is the expectation value of a Hadamard test
protocol.

Our algorithm then becomes apparent: sample according to a probability distribution with
probability masses proportional to {𝑏𝑘 }𝑘 , obtaining index 𝑗 ; run one instance of a Hadamard test
corresponding to the quantity Tr[𝜌P1/𝑠𝑘 (𝑠𝑘𝑇)]; record the measurement statistic multiplied by the
weighted phase 𝑏 𝑗/∥®𝑏∥1; repeat a sufficient number of times to constrain statistical error and take
the mean.

As found in Lemma 18, the worst case gate depth is 𝑂 (ΓΥ (𝑎maxΥ𝜆comm𝑇) (1+1/𝑝) log(1/𝜀𝑅)).
We can place guarantees on the statistical error using Hoeffding’s inequality as our random variable
has bounded size 𝑂 (1) – namely, it is sufficient to take 𝑂 (∥®𝑏∥21/𝜀

2
𝑠 ) samples to obtain additive

approximation error 𝜀𝑆 with arbitrary constant success probability. A simple choice of 𝜀𝑠, 𝜀𝑅 = 𝑂 (𝜀)
gives the desired error guarantee. We provide a formal statement of algorithm complexities, and
note this comes as a corollary of Theorem 24 to come later.

Theorem 19 (Time signal compilation). Consider a matrix 𝐻 ∈ C2𝑛×2𝑛 of the form in Eq. (2). Take
𝑅(𝜀/2) as the Richardson extrapolation scheme of Lemma 18 with extrapolation error 𝜀/2. Take
any order 𝑝 product formula P. Using this choice of 𝑅(𝜀/2) and P, Algorithm 1 returns an estimate
of Tr[𝜌𝑒−𝑖𝐻𝑇 ] to additive error at most 𝜀 with success probability at least (1 − 𝛿) using:

• Gate depth (per sample):

𝐶gate = 𝑂
(
ΓΥ · (𝑎maxΥ𝜆comm 𝑇)1+1/𝑝 log(1/𝜀)

)
,

• Sample complexity:

𝐶sample = 𝑂

(
(log log(1/𝜀))2

𝜀2 · log
(
1
𝛿

))
,

• Classical preprocessing time:
𝐶pre = 𝑂

(
log(1/𝜀)

)
,

where each circuit uses (𝑛 + 1) qubits.
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Further, rather than using the LKW well-conditioned extrapolation scheme, we can also explicitly
write out the resource costs of using a generic extrapolation scheme as in Lemma 15.

Theorem 20 (Time signal compilation). Consider a matrix 𝐻 ∈ C2𝑛×2𝑛 of the form in Eq. (2).
P be a staged 𝑝th order product formula of symmetry class 𝜎. Take any 𝑚-term extrapolation
schedule 𝑅 = {(𝑏𝑘 , 𝑞𝑘 )}𝑚𝑘=1 of inverse Trotter step sizes 𝑠𝑘 = 𝑠/𝑞𝑘 , which cancels the powers
{𝑝, 𝑝 + 𝜎, . . . , 𝑝 + (𝑚 − 2)𝜎}. Algorithm 1 returns an estimate of Tr[𝜌𝑒−𝑖𝐻𝑇 ] to additive error at
most 𝜀 with success probability at least (1 − 𝛿) using:

• Gate depth (per sample):

𝐶gate ≤ ΓΥ · 𝑞𝑚


1
𝑞1

max
{
1, (𝑎maxΥ𝜆comm𝑇)1+1/𝑝

} (
4∥®𝑏∥1
𝜀

) 1
𝜎 (𝑚−1)+𝑝  ,

• Sample complexity:

𝐶sample ≤
2∥®𝑏∥21
𝜀2 log

(
2
𝛿

)
,

• Classical preprocessing time:
𝐶pre = 𝑂

(
log(1/𝜀)

)
,

where each circuit uses (𝑛 + 1) qubits.

4.2 Algorithms via Fourier approximation
Our central idea to construct simple algorithms for general matrix functions 𝑓 (𝐻) is to approximate
our desired function using a truncated discrete Fourier series:

𝑓 (𝐻) ≈ 𝑓𝐾 (𝐻) :=
𝐾∑︁
𝑘=1

𝑐𝑘𝑒
−𝑖𝐴𝑡𝑘 , (69)

where the coefficients 𝑐𝑘 ∈ C and time parameters 𝑡𝑘 ∈ R depend on the desired approximation
accuracy, specifically on the Fourier truncation error 𝜀F, which we denote as any known bound

∥ 𝑓 (𝐻) − 𝑓𝐹 (𝐻)∥ ≤ 𝜀F. (70)

We note the this Fourier series 𝐹 (𝜀𝐹) = {𝑐𝑘 (𝜀𝐹), 𝑡𝑘 (𝜀𝐹)}𝐾𝑘=1 can be any "out-of-the-box" scalar
Fourier series which approximates the scalar function 𝑓 (·) to approximation error 𝜀F on any domain
which subsumes the spectrum of 𝐻. From hereon we drop explicit dependence on 𝜀𝐹 in notation
unless emphasis is needed.

We will refer often to the maximal time parameter which we denote as

𝑇 := max
1≤𝑘≤𝐾

𝑡𝑘 , (71)
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and the vector of Fourier coefficients as ®𝑐 = (𝑐1, . . . , 𝑐𝐾) whose ℓ1-norm which we denote as

𝑐 :=
𝐾∑︁
𝑘=1
|𝑐𝑘 | . (72)

As we found in the previous section, each exponential 𝑒𝑖𝐴𝑡𝑘 can then be approximated using an
𝑚-term Richardson extrapolation schedule 𝑅 = {𝑏 𝑗 , 𝑞 𝑗 }𝑚𝑗=1 based on a 𝑝-th order product formula
P:

𝑒𝑖𝐴𝑡𝑘
𝜀𝑅≈

𝑚∑︁
𝑗=1

𝑏 𝑗 P1/𝑠 𝑗 (𝑠 𝑗 𝑡𝑘 ) =: P (𝑅)𝑝,𝑚 (𝑡𝑘 ),

where 𝑠 𝑗 = 𝑠/𝑞 𝑗 are scaled Trotter step sizes, and the approximation guarantee is possible if
the conditions of Lemma 16 or Lemma 17 are satisfied. We denote this Fourier–Richardson
approximation as

𝑓𝐹,𝑅 (𝐻) :=
𝐾∑︁
𝑘=1

𝑚∑︁
𝑗=1
𝑐𝑘𝑏 𝑗 P1/𝑠 𝑗 (𝑠 𝑗 𝑡𝑘 ), (73)

and we can see that 𝑓𝐹,𝑅 (𝐻)
𝜀𝐹+𝑐·𝜀𝑅≈ 𝑓 (𝐻).

Lemma 21 (Fourier-Richardson approximation). Take the Fourier series approximation 𝐹 in Eq. (70)
and take the conditions of Lemma 16 or Lemma 17 with 𝜀 = 𝜀𝑅 and 𝑇 = max𝑘 𝑡𝑘 . We have

 𝑓𝐹,𝑅 (𝐻) − 𝑓 (𝐻)

 ≤ 𝜀𝐹 + 𝑐 · 𝜀𝑅 . (74)

Proof. Using the triangle inequality, we have

 𝑓𝐹,𝑅 (𝐻) − 𝑓 (𝐻)

 ≤ 

 𝑓𝐹,𝑅 (𝐻) − 𝑓𝐹 (𝐻)

 + ∥ 𝑓 (𝐻) − 𝑓𝐹 (𝐻)∥ (75)

≤
𝐾∑︁
𝑘=1

𝑐𝑘

(
𝑒−𝑖𝐴𝑡𝑘 − P (𝑅)𝑝,𝑚 (𝑇)

)
+ 𝜀𝑅 , (76)

where the second inequality is due to the fact that we have by definition Eq. (70), and the proof
follows by directly imposing the conditions of Lemma 16 or Lemma 17. □

For convenience, we denote 𝑆 :=
∑𝐾
𝑘=1

∑𝑚
𝑗=1 |𝑐𝑘𝑏 𝑗 |. This quantity bounds the negativity of the

quasiprobability distribution in Eq. (73) and will characterize the sample overhead of our algorithms.
When 𝑅 is the Low-Kliuchnikov-Wiebe extrapolation procedure of Lemma 17 this is simply bounded
as

𝑆 =

(
𝐾∑︁
𝑘=1
|𝑐𝑘 |

) ©­«
𝑚∑︁
𝑗=1
|𝑏 𝑗 |ª®¬ = 𝑂 (𝑐 log𝑚) . (77)

The rest of this section will discuss how to instantiate 𝑓𝐹,𝑅 (𝐻) in each of the contexts of Tasks 1
and 2, while controlling the approximation error to our true desired quantity 𝑓 (𝐻).
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4.3 Circuit primitives
As a preamble to discussing our full algorithms, we prove a basic result about the circuits we will
use. All of our algorithms use a Hadamard test or a generalization thereof, which we draw in Figure
3.

(a) (b)

Figure 3: (a): Hadamard test circuit. Measuring the expectation value of 𝑍 on the first register returns
Re(⟨𝜓 |𝑈 |𝜓⟩) and Im(⟨𝜓 |𝑈 |𝜓⟩) for choices of 𝐺 = 𝐼 and 𝐺 = 𝑆† := |0⟩⟨0| − 𝑖 |1⟩⟨1| respectively. (b):
Generalized Hadamard test circuit. Applying controlled-𝑈 and anticontrolled-𝑉 , followed by measurement
corresponding to the observable 𝑍 ⊗ 𝑂 returns 1

2
(
⟨𝜓 |𝑈†𝑂𝑉 |𝜓⟩ + ⟨𝜓 |𝑉†𝑂𝑈 |𝜓⟩

)
in expectation.

The output of a Hadamard test is a standard result. For any 𝑛-qubit unitary𝑈, taking the 𝑛+1 qubit
circuit in Figure 3 and measuring the expectation value of 𝑍 on the first register returns Re(⟨𝜓 |𝑈 |𝜓⟩)
when the gate 𝐺 is chosen to be the identity, and Im(⟨𝜓 |𝑈 |𝜓⟩) when 𝐺 = 𝑆† := |0⟩⟨0| − 𝑖 |1⟩⟨1| is a
phase gate. Here we prove a similar result for the generalized Hadamard test.

Lemma 22 (Expectation value of generalized Hadamard test). Let 𝜌 be a quantum state, and let
𝑈,𝑉 be unitaries and 𝑂 an observable. Then, the generalized Hadamard test (see Figure 1(b)) that

• Initializes the first control qubit in |+⟩ with a Hadamard gate,

• Applies a controlled-𝑈,

• Applies an anti-controlled-𝑉 (gate implemented when control is in state |0⟩),

• Measures corresponding to the observable 𝑋 ⊗ 𝑂

returns the quantity 1
2
(
Tr[𝑂𝑉𝜌𝑈†] + Tr[𝑂𝑈𝜌𝑉†]

)
in expectation value.

Proof. We trace the circuit after each gate to verify its outcome:

|+⟩⟨+| ⊗ 𝜌 =
1
2
( |0⟩⟨0| ⊗ 𝜌 + |1⟩⟨1| ⊗ 𝜌 + |0⟩⟨1| ⊗ 𝜌 + |1⟩⟨0| ⊗ 𝜌) (initial state)

↦→ 1
2

(
|0⟩⟨0| ⊗ 𝜌 + |1⟩ ⟨1| ⊗ 𝑈𝜌𝑈† + |0⟩⟨1| ⊗ 𝜌𝑈† + |1⟩⟨0| ⊗ 𝑈𝜌

)
(controlled-𝑈)

↦→ 1
2

(
|0⟩⟨0| ⊗ 𝑉𝜌𝑉† + |1⟩ ⟨1| ⊗ 𝑈𝜌𝑈† + |0⟩⟨1| ⊗ 𝑉𝜌𝑈† + |1⟩⟨0| ⊗ 𝑈𝜌𝑉†

)
(anti controlled-𝑉)

↦→ Tr
[
(𝑋 ⊗ 𝑂) · 1

2

(
|0⟩⟨1| ⊗ 𝑉𝜌𝑈† + |1⟩⟨0| ⊗ 𝑈𝜌𝑉†

)]
(expectation value for 𝑋 ⊗ 𝑂)

=
1
2

(
Tr[𝑂𝑉𝜌𝑈†] + Tr[𝑂𝑈𝜌𝑉†]

)
. (78)

□

29



4.4 Estimating Tr[𝜌 𝑓 (𝐻)]
We now present our full algorithm for Task (1(i)) for estimating quantities of the form Tr[𝜌𝑈 𝑓 (𝐻)].

Algorithm 1 Randomized algorithm for estimating Tr[𝜌𝑈 𝑓 (𝐻)]
Input: Fourier series 𝐹 = {𝑐𝑘 , 𝑡𝑘 }𝐾𝑘=1; Richardson extrapolation schedule 𝑅 = {𝑏 𝑗 , 𝑞 𝑗 }𝑚𝑗=1; base

Trotter step number 1/𝑠; input state 𝜌 and unitary 𝑈 with efficient preparations; matrix with
decomposition 𝐻 =

∑
ℓ 𝐻ℓ and product formula P.

1: Classical preprocessing: Compute the probability distribution:{ ��𝑐𝑘𝑏 𝑗 ��
𝑆

}
𝑘, 𝑗

for 𝑘 = 1, . . . , 𝐾 ; 𝑗 = 1, . . . , 𝑚 ; with 𝑆 = ∥ ®𝑐∥1∥®𝑏∥1 .

2: for 𝑖 = 1 to 𝐶sample do:
3: Sample an index pair (𝑘′, 𝑗 ′) from the probability distribution
4: Take 𝑠 𝑗 ′ ← 𝑠/𝑞 𝑗 ′
5: Prepare Hadamard test circuits corresponding to

Re
[
Tr

(
𝜌𝑈P1/𝑠 𝑗′ (𝑠 𝑗 ′𝑡𝑘 ′)

)]
and Im

[
Tr

(
𝜌𝑈P1/𝑠 𝑗′ (𝑠 𝑗 ′𝑡𝑘 ′)

)]
,

collect one measurement outcome (single-shot statistic) from each circuit (𝑋 (𝑘
′, 𝑗 ′)

Re , 𝑋
(𝑘 ′, 𝑗 ′)
Im )

6: Take 𝜇(𝑘 ′, 𝑗 ′) ← 𝑆 · sign(𝑐𝑘 ′𝑏 𝑗 ′) · (𝑋 (𝑘
′, 𝑗 ′)

Re + 𝑖𝑋 (𝑘
′, 𝑗 ′)

Im ) and store value
7: end for
8: Return: 𝜇← the sample mean over all 𝐶sample values

We first show that Algorithm 1 is approximately correct. Specifically, we show the expectation
value of the estimator over the probability distribution defined in the algorithm exactly equals the
Fourier-Richardson approximation to our desired quantity Tr[𝜌𝑈 𝑓𝐾,𝑅 (𝐻)].

Lemma 23 (Correctness for overlap estimator). Let (𝑘, 𝑗) be sampled with probability Pr(𝑘, 𝑗) =
|𝑐𝑘𝑏 𝑗 |
𝑆

for some Fourier series𝐹 = {𝑐𝑘 , 𝑡𝑘 }𝐾𝑘=1 and Richardson extrapolation schedule 𝑅 = {𝑏 𝑗 , 𝑞 𝑗 }𝑚𝑗=1,
and let

𝜇(𝑘, 𝑗) ← 𝑆 · sign(𝑐𝑘𝑏 𝑗 ) · (𝑋 (𝑘, 𝑗)Re + 𝑖𝑋 (𝑘, 𝑗)Im ) (79)

be the random variable that Algorithm 1 instantiates which generates one outcome each iteration
of the for loop. Then, 𝜇(𝑘, 𝑗) is an unbiased estimator of Tr[𝜌 𝑓𝐹,𝑅 (𝐻)] with 𝑓𝐹,𝑅 (𝐻) as defined in
Eq. (73), i.e.,

E𝑘, 𝑗 ,𝐶 [𝜇(𝑘, 𝑗)] = Tr[𝜌𝑈 𝑓𝐹,𝑅 (𝐻)] , (80)

where E𝑘, 𝑗 ,𝐶 denotes an expectation value over indices 𝑘, 𝑗 , and over quantum circuit outputs.

Proof. We first prove a fact that we will use throughout this section, which is that Algorithm 1
instantiates a random operator whose expectation value is 𝑓𝐹,𝑅 (𝐻). This is simply seen by noting
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that

E𝑘, 𝑗
[
𝑆 · sign(𝑐𝑘𝑏 𝑗 ) ·𝑈P1/𝑠 𝑗 (𝑠 𝑗 𝑡𝑘 )

]
=

∑︁
𝑘, 𝑗

|𝑐𝑘𝑏 𝑗 |
𝑆
· 𝑆 · sign(𝑐𝑘𝑏 𝑗 ) ·𝑈P1/𝑠 𝑗′ (𝑠 𝑗 ′𝑡𝑘 ′) (81)

=
∑︁
𝑘, 𝑗

𝑐𝑘𝑏 𝑗𝑈P1/𝑠 𝑗 (𝑠 𝑗 𝑡𝑘 ) (82)

which is exactly𝑈 𝑓𝐹,𝑅 (𝐻) as defined in Eq. (73). Further, we note that the expectation over outputs
of Hadamard tests yields

E𝐶
[
𝑋
(𝑘, 𝑗)
Re + 𝑖𝑋 (𝑘, 𝑗)Im

]
= Tr[𝜌𝑈P1/𝑠 𝑗 (𝑠 𝑗 𝑡𝑘 )] . (83)

The proof then follows due to linearity of expectation values. □

Theorem 24 (Overlap estimation). Consider a matrix 𝐻 ∈ C2𝑛×2𝑛 of the form in Eq. (2). Take any
Fourier series 𝐹 (𝜀/3) = {𝑐𝑘 (𝜀/3), 𝑡𝑘 (𝜀/3)}𝐾𝑘=1 approximation of function 𝑓 with approximation
error 𝜀/3 as defined in Eq. (70), and take 𝑅

(
𝜀/(3𝑐(𝜀/3))

)
as the Richardson extrapolation scheme

of Lemma 18 with extrapolation error 𝜀/(3𝑐(𝜀/3)). Take any order 𝑝 product formula P. Using
this choice of 𝐹 (𝜀/3), 𝑅

(
𝜀/(3𝑐(𝜀/3))

)
and P, Algorithm 1 returns an estimate of Tr[𝜌𝑈 𝑓 (𝐻)] to

additive error at most 𝜀 with success probability at least (1 − 𝛿) using:

• Gate depth (per sample):

𝐶gate = 𝑂

(
ΓΥ · log

(
𝑐(𝜀/3)
𝜀

)
· (𝑎maxΥ𝜆comm 𝑇 (𝜀/3))1+

1
𝑝

)
,

• Sample complexity:

𝐶sample = 𝑂

(
𝑐(𝜀/3)2 ·

(
log log

( 𝑐(𝜀/3)
𝜀

) )2

𝜀2 · log
(
1
𝛿

))
,

• Classical preprocessing time:

𝐶pre = 𝑂

(
𝐾 (𝜀/3) · log

(
𝑐(𝜀/3)
𝜀

))
,

where 𝑇 (𝜀/3) := max𝑘 |𝑡𝑘 (𝜀/3) |, 𝑐(𝜀/3) =
∑
𝑘 𝑐𝑘 (𝜀/3), and each circuit uses (𝑛 + 1) qubits.

Proof. Let 𝜇𝑀 = 1
𝑀

∑𝑀
ℓ=1 𝑋

(ℓ) be the empirical mean over 𝑀 samples of the unbiased estimator
defined in Lemma 23. We can bound the total error into a contribution of two pieces using the
triangle inequality:

|Tr[𝜌𝑈 𝑓 (𝐻)] − 𝜇𝑀 | ≤
��Tr[𝜌𝑈 𝑓𝐾,𝑅 (𝐻)] − Tr[𝜌𝑈 𝑓 (𝐻)]

�� + ��𝜇𝑀 − Tr[𝜌𝑈 𝑓𝐾,𝑅 (𝐻)]
�� .
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where the first part characterizes the Fourier-Richardson approximation, and the second part
characterizes the statistical error. In Lemma 21 we bounded the first term by 𝜀𝐹 + 𝑐(𝜀𝐹) · 𝜀𝑅,
where 𝜀𝐹 is the Fourier approximation error controlled completely by choice of Fourier parameters,
and 𝜀𝑅 is the Richardson extrapolation error. We can thus bound the the first term by 2𝜀/3 by
setting the Fourier approximation error to 𝜀𝐹 = 𝜀/3 and the Richardson approximation error to
𝜀𝑅 = 𝜀/(3𝑐(𝜀/3)). We use the extrapolation schedule of Lemma 18, which requires product
formulae of worst-case Trotter step number𝑂

(
log

(
𝑐(𝜀/3)
𝜀

)
· (𝑎maxΥ𝜆comm 𝑇 (𝜀/3))1+

1
𝑝

)
, from which

our stated worst-case gate depth follows.
Now we derive the sample complexity. Each sample outcome recorded in the algorithm is a

complex number with real and imaginary parts in [−𝑆, 𝑆]. By Hoeffding’s inequality (and the union
bound to account for real and imaginary parts), for any 𝜀𝑆 > 0,

P [|𝜇𝑀 − E[𝜇𝑀] | ≥ 𝜀] ≤ 4 exp
(
−
𝑀𝜀2

𝑠

2𝑆2

)
, (84)

and we recall that Lemma 23 demonstrates that E[𝜇̂𝑀] = Tr[𝜌𝑈 𝑓𝐾,𝑅 (𝐻)]. To ensure that this
failure probability is at most 𝛿, it suffices to choose any

𝑀 ≥ 2𝑆2

𝜀2
𝑠

· log
(
4
𝛿

)
. (85)

To obtain the stated sample complexity we set the statistical error to 𝜀𝑠 = 𝜀/3, recall (see
equation (77)) that 𝑆 =

∑
𝑘, 𝑗 |𝑐𝑘𝑏 𝑗 | = 𝑂 (𝑐 log𝑚) and take the fact that 𝑚 = 𝑂 (log(1/𝜀𝑅)) is

sufficient to maintain the extrapolation error using Lemma 18. This guarantees that the total error is
bounded by 2𝜀/3 + 𝜀/3 = 𝜀 as required.

Finally, we see the classical complexity of forming the probability distribution {|𝑐𝑘𝑏 𝑗/𝑆}𝐾,𝑚𝑘, 𝑗 is
simply 𝑂 (𝐾 (𝜀𝐹) · 𝑚(𝜀𝑅)). □

4.5 Estimating Tr[ 𝑓 (𝐻)𝜌 𝑓 (𝐻)†𝑂]
Similar to before, we approximate our desired quantity with a quasiprobability distribution over im-
plementable circuits with product formulae, using 𝑓𝐹,𝑅 in Eq. (73) to approximate 𝑓 (𝐻). We present
the algorithm in Algorithm 2. We first show that the algorithm returns Tr[ 𝑓𝐹,𝑅 (𝐻)𝜌 𝑓𝐹,𝑅 (𝐻)†𝑂] if
given unlimited samples.

Lemma 25 (Correctness for observable estimator). Let (𝑘, 𝑗) be sampled with probability Pr(𝑘, 𝑗) =
|𝑐𝑘𝑏 𝑗 |
𝑆

for some Fourier series𝐹 = {𝑐𝑘 , 𝑡𝑘 }𝐾𝑘=1 and Richardson extrapolation schedule 𝑅 = {𝑏 𝑗 , 𝑞 𝑗 }𝑚𝑗=1,
and let

𝜇(𝑘,𝑘 ′, 𝑗 , 𝑗 ′) ← 𝑆2 · sign(𝑐𝑘𝑐∗𝑘 ′𝑏 𝑗𝑏 𝑗 ′) · 𝑋
(𝑘,𝑘 ′, 𝑗 , 𝑗 ′) (86)

be the random variable that Algorithm 2 instantiates which generates one outcome each iteration of
the for loop. Then, 𝜇(𝑘,𝑘 ′, 𝑗 , 𝑗 ′) is an unbiased estimator of Tr[ 𝑓𝐹,𝑅 (𝐻)𝜌 𝑓𝐹,𝑅 (𝐻)†𝑂], i.e.,

E𝑘,𝑘 ′, 𝑗 , 𝑗 ′,𝐶 [𝜇(𝑘,𝑘 ′, 𝑗 , 𝑗 ′)] = Tr[ 𝑓𝐹,𝑅 (𝐻)𝜌 𝑓𝐹,𝑅 (𝐻)†𝑂] , (87)

with 𝑓𝐹,𝑅 (𝐻) as defined in Eq. (73), where E𝑘,𝑘 ′, 𝑗 , 𝑗 ′,𝐶 denotes an expectation value over indices
𝑘, 𝑘′, 𝑗 , 𝑗 ′, and over quantum circuit outputs.
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Proof. In the proof of Lemma 23 we showed that E𝑘, 𝑗
[
𝑆 · sign(𝑐𝑘𝑏 𝑗 )P1/𝑠 𝑗 (𝑠 𝑗 𝑡𝑘 )

]
= 𝑓𝐹,𝑅 (𝐻). From

this it follows simply that

E𝑘,𝑘 ′, 𝑗 , 𝑗 ′
[
𝑆2 · sign(𝑐𝑘𝑐𝑘 ′𝑏 𝑗𝑏 𝑗 ′)P1/𝑠 𝑗 (𝑠 𝑗 𝑡𝑘 )𝜌P1/𝑠 𝑗 (𝑠 𝑗 𝑡𝑘 )†

]
= 𝑓𝐹,𝑅 (𝐻)𝜌 𝑓𝐹,𝑅 (𝐻)† . (88)

Further, from Lemma 22 we note that the expectation over outputs of the generalized Hadamard test
yields

E𝐶
[
𝑋 (𝑘,𝑘

′, 𝑗 , 𝑗 ′)] = 1
2

(
Tr

[
P1/𝑠 𝑗 (𝑠 𝑗 𝑡𝑘 )𝜌(P1/𝑠 𝑗′ (𝑠 𝑗 ′𝑡𝑘 ′))†𝑂

]
+ Tr

[
P1/𝑠 𝑗′ (𝑠 𝑗 ′𝑡𝑘 ′)𝜌(P1/𝑠 𝑗 (𝑠 𝑗 𝑡𝑘 ))†𝑂

] )
.

(89)
The proof then follows again due to linearity of expectation values. □

Theorem 26 (Observable estimation). Consider a matrix 𝐻 ∈ C2𝑛×2𝑛 of the form in Eq. (2). Denote
𝑓 = max(1, ∥ 𝑓 (𝐻)∥). Take any Fourier series 𝐹 (𝜀𝐹) = {𝑐𝑘 (𝜀𝐹), 𝑡𝑘 (𝜀𝐹)}𝐾𝑘=1 approximation of
function 𝑓 (defined in Eq. (70)) with approximation error 𝜀𝐹 = 𝜀/9 𝑓 , and take 𝑅(𝜀𝑅) as the
Richardson extrapolation scheme of Lemma 18 with extrapolation error 𝜀𝑅 = 𝜀/

(
9 𝑓 · 𝑐(𝜀/9 𝑓 )

)
.

Take any order 𝑝 product formula P. Using this choice of 𝐹 (𝜀𝐹), 𝑅(𝜀𝑅) and P, Algorithm 2 returns
an estimate of Tr[ 𝑓 (𝐻)𝜌 𝑓 (𝐻)†𝑂], for ∥𝑂∥ ≤ 1, to additive error at most 𝜀 ≤ 1 with success
probability at least (1 − 𝛿) using:

• Gate depth (per sample):

𝐶gate = 𝑂

(
ΓΥ · log

(
9 𝑓 · 𝑐(𝜀/9 𝑓 )

𝜀

)
·
(
𝑎maxΥ𝜆comm 𝑇 (𝜀/9 𝑓 )

)1+ 1
𝑝

)
,

• Sample complexity:

𝐶sample = 𝑂
©­­«
𝑐(𝜀/9 𝑓 )4 ·

(
log log

(
9 𝑓 ·𝑐(𝜀/9 𝑓 )

𝜀

))4

𝜀2 · log
(
1
𝛿

)ª®®¬ .
• Classical preprocessing time:

𝐶pre = 𝑂

((
𝐾 (𝜀/9 𝑓 ) · log

(9 𝑓 · 𝑐(𝜀/9 𝑓 )
𝜀

))2
)
,

where 𝑇 (·) := max𝑘 |𝑡𝑘 (·) |, 𝑐(·) =
∑
𝑘 𝑐𝑘 (·), and each circuit uses (𝑛 + 1) qubits.

Proof. Let 𝜇𝑀 := 1
𝑀

∑𝑀
ℓ=1 𝑋

(ℓ) denote the empirical mean of the unbiased estimator from Algorithm 2
over 𝑀 samples. Similar to the proof of Theorem 24, we can start by bounding the total error by
two contributions (Fourier-Richardson approximation, and statistical):

��Tr[ 𝑓 (𝐻)𝜌 𝑓 (𝐻)†𝑂] − 𝜇𝑀
�� ≤ ��Tr[ 𝑓 (𝐻)𝜌 𝑓 (𝐻)†𝑂] − Tr[ 𝑓𝐹,𝑅 (𝐻)𝜌 𝑓𝐹,𝑅 (𝐻)†𝑂]

��
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+
��Tr[ 𝑓𝐾,𝑅 (𝐻)𝜌 𝑓𝐾,𝑅 (𝐻)†𝑂] − 𝜇𝑀

�� . (90)

Let us investigate the first term, denoting it as Δ𝐹,𝑅. We have

Δ𝐹,𝑅 ≤
��Tr[ 𝑓 (𝐻)𝜌( 𝑓 (𝐻) − 𝑓𝐹,𝑅 (𝐻))†𝑂]

�� + ��Tr[( 𝑓𝐹,𝑅 (𝐻) − 𝑓 (𝐻))𝜌 𝑓𝐹,𝑅 (𝐻)†𝑂]
�� (91)

≤ ∥ 𝑓 (𝐻)∥ · ∥ 𝑓 (𝐻) − 𝑓𝐹,𝑅 (𝐻)∥ + ∥ 𝑓𝐹,𝑅 (𝐻)∥ · ∥ 𝑓 (𝐻) − 𝑓𝐹,𝑅 (𝐻)∥ (92)
≤ 𝑓 (𝜀𝐹 + 𝑐 · 𝜀𝑅) + 𝑓 (𝜀𝐹 + 𝑐 · 𝜀𝑅) + (𝜀𝐹 + 𝑐 · 𝜀𝑅)2 (93)
≤ 3 𝑓 (𝜀𝐹 + 𝑐 · 𝜀𝑅) , (94)

where the first inequality is a triangle inequality, the second inequality comes from repeated uses
of Hölder’s inequality and using the fact that ∥𝜌∥1 = 1 and ∥𝑂∥ ≤ 1, the third inequality is due to
Lemma 21, and the final inequality is true if 𝜀𝐹 + 𝑐 · 𝜀𝑅 ≤ 1. We can ensure this error is bounded
by 2𝜀/3 (and thus also subsume the previous condition in the fact that 𝜀 ≤ 1) if we set the Fourier
series error as 𝜀𝐹 = 𝜀/(9 𝑓 ) and the Richardson extrapolation error as 𝜀𝑅 = 𝜀/(9 𝑓 · 𝑐(𝜀𝐹)). The
stated gate complexity comes by recalling that a sufficient maximum Trotter step number specified
by Lemma 18 is 𝑂

(
log (1/𝜀𝑅) · (𝑎maxΥ𝜆comm 𝑇 (𝜀𝐹))1+

1
𝑝

)
.

The statistical error can be upper bounded by 𝜀𝑠 by choice of

𝑀 ≥ 2𝑆4

𝜀2
𝑠

· log
(
2
𝛿

)
, (95)

where we have used Hoeffding’s inequality and the fact that the random variable has magnitude
no larger than 𝑆2. As in the proof of Theorem 24 we use the fact that 𝑆 = 𝑂 (𝑐(𝜀𝐹) log log(1/𝜀𝑅))
and set the statistical error to 𝜀𝑠 = 𝜀/3 to obtain our stated sample complexity. This also guarantees
that the total error is bounded by 𝜀 as required.

The classical preprocessing cost of forming the probability distribution is 𝑂 (𝐾2𝑚2) where
𝑚 = 𝑂 (log(1/𝜀𝑅)) for the extrapolation schedule of Lemma 18. □

4.6 Estimating distributions
Our final task is to estimate the measurement distribution corresponding to the (non-normalized)
state 𝑓 (𝐻) |𝜓⟩. Specifically, we wish to statistically approximate the vector

®𝑓 :=
∑︁

®𝑧𝑛∈(0,1)𝑛

�� ⟨®𝑧𝑛 |𝑈 𝑓 (𝐻) |𝜓⟩ ��2 |®𝑧𝑛⟩ (96)

where 𝑈 is some efficiently implementable unitary. We remark that this is proportional to the
probability distribution that one obtains from sampling the state 𝑓 (𝐻) |𝜓⟩ /∥ 𝑓 (𝐻) |𝜓⟩ ∥2 in a basis
defined by𝑈, and is exactly the probability distribution for normalized 𝑓 (𝐻).

In Appendix A6 of [WMB24] the following Lemma is essentially given.
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Algorithm 2 Randomized algorithm for estimating Tr[ 𝑓 (𝐻)𝜌 𝑓 (𝐻)†𝑂]
Input: Fourier series 𝐹 = {𝑐𝑘 , 𝑡𝑘 }𝐾𝑘=1; Richardson extrapolation schedule 𝑅 = {𝑏 𝑗 , 𝑞 𝑗 }𝑚𝑗=1; base

Trotter step number 1/𝑠; input state 𝜌 and observable 𝑂 with efficient preparations; matrix with
decomposition 𝐻 =

∑
ℓ 𝐻ℓ and product formula P.

1: Classical preprocessing: Compute the probability distribution:{ ��𝑐𝑘𝑐𝑘 ′𝑏 𝑗𝑏 𝑗 ′ ��
𝑆2

}
𝑘, 𝑗

for 𝑘, 𝑘′ = 1, . . . , 𝐾; 𝑗 , 𝑗 ′ = 1, . . . , 𝑚

2: for 𝑖 = 1 to 𝐶sample do:
3: Sample two index pairs (𝑘′′, 𝑗 ′′), (𝑘′′′, 𝑗 ′′′) from the probability distribution
4: Take 𝑠 𝑗 ′′ ← 𝑠/𝑞 𝑗 ′′ , 𝑠 𝑗 ′′′ ← 𝑠/𝑞 𝑗 ′′′
5: Prepare a generalized Hadamard test circuit corresponding to

1
2

(
Tr

[
P1/𝑠 𝑗′′ (𝑠 𝑗 ′′𝑡𝑘 ′′)𝜌(P1/𝑠 𝑗′′′ (𝑠 𝑗 ′′′𝑡𝑘 ′′′))†𝑂

]
+ Tr

[
P1/𝑠 𝑗′′′ (𝑠 𝑗 ′′′𝑡𝑘 ′′′)𝜌(P1/𝑠 𝑗′′ (𝑠 𝑗 ′′𝑡𝑘 ′′))†𝑂

] )
,

collect one measurement outcome (single-shot statistic) 𝑋 (𝑘 ′′,𝑘 ′′′, 𝑗 ′′, 𝑗 ′′′)
6: Take 𝜇(𝑘 ′′,𝑘 ′′′, 𝑗 ′′, 𝑗 ′′′) ← 𝑆2 · sign(𝑐𝑘 ′′𝑐𝑘 ′′′𝑏 𝑗 ′′𝑏 𝑗 ′′′) · 𝑋 (𝑘

′′,𝑘 ′′′, 𝑗 ′′, 𝑗 ′′′) and store value
7: end for
8: Return: 𝜇← the sample mean over all 𝐶sample values

Lemma 27 (Distribution estimation – adapted from [WMB24]). Suppose an operator 𝐺 can be
decomposed into a linear combination of unitaries as 𝐺 =

∑
𝑖 𝑔𝑖𝑈𝑖. Let 𝑈 be an implementable

unitary. We have an algorithm to return a vector ®𝑣 that, with probability at least (1 − 𝛿), satisfies

∥®𝑣 − ®𝐺∥2 ≤ 𝜀 (97)

for ®𝐺 :=
∑
®𝑧𝑛∈(0,1)𝑛

�� ⟨®𝑧𝑛 |𝑈𝐺 |𝜓⟩ ��2 |®𝑧𝑛⟩, using 𝑂
( 𝑔4

𝜀2 log
( 1
𝛿

) )
circuit samples, where 𝑔 :=

∑
𝑖 |𝑔𝑖 | and

each circuit consists of generalized Hadamard tests of𝑈𝑈𝑖.

The algorithm can be simply stated and is a small detour from Algorithm 2. First, we classically
construct the probability distribution 𝑝𝑖 := |𝑔𝑖 |/𝑔. Then, sample two indices (𝑖, 𝑗) from this
distribution and implement the generalized Hadamard test in Figure 1(b) with 𝑈𝑖 and 𝑈 𝑗 . Next,
perform a measurement on all qubits in the computational basis, obtaining an 𝑛-qubit string which
we denote (𝑧, ®𝑧𝑛) ∈ {0, 1}𝑛+1. Based on this outcome output the vector 𝑔2𝜙𝑖 𝑗 (−1)𝑧 |®𝑧𝑛⟩ where we
denote 𝜙𝑖 𝑗 = 𝑔𝑖𝑔 𝑗/|𝑔𝑖𝑔 𝑗 |. Repeat the sampling procedure and take the sample mean of all outcomes.

Note that in the previous section we already found a operator 𝐺 in this form that approximates
𝑓 (𝐻) to additive error in operator norm. This means that the probability distributions corresponding
to 𝑓 (𝐻) |𝜓⟩ and 𝐺 |𝜓⟩ are separated by essentially the same error in total variation distance. This
allows us to write the following result calling Algorithm 3, and we provide the formal proof below.

Theorem 28 (Distribution recovery). Consider a matrix 𝐻 ∈ C2𝑛×2𝑛 of the form in Eq. (2). Denote
𝑓 =: max(1, ∥ 𝑓 (𝐻) |𝜓⟩ ∥2). Take any Fourier series 𝐹 (𝜀𝐹) = {𝑐𝑘 (𝜀𝐹), 𝑡𝑘 (𝜀𝐹)}𝐾𝑘=1 approximation
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of function 𝑓 (defined in Eq. (70)) with approximation error 𝜀𝐹 = 𝜀/9 𝑓 , and take 𝑅(𝜀𝑅) as the
Richardson extrapolation scheme of Lemma 18 with extrapolation error 𝜀𝑅 = 𝜀/

(
9 𝑓 · 𝑐(𝜀/9 𝑓 )

)
.

Take any order 𝑝 product formula P. Using this choice of 𝐹 (𝜀𝐹), 𝑅(𝜀𝑅) and P, Algorithm 3 returns
an estimate of ®𝑓 (defined in Eq. (96)) to additive error at most 𝜀 ≤ 1 with success probability at
least (1 − 𝛿) using:

• Gate depth (per sample):

𝐶gate = 𝑂

(
ΓΥ · log

(
9 𝑓 · 𝑐(𝜀/9 𝑓 )

𝜀

)
·
(
𝑎maxΥ𝜆comm 𝑇 (𝜀/9 𝑓 )

)1+ 1
𝑝

)
,

• Sample complexity:

𝐶sample = 𝑂
©­­«
𝑐(𝜀/9 𝑓 )4 ·

(
log log

(
9 𝑓 ·𝑐(𝜀/9 𝑓 )

𝜀

))4

𝜀2 · log
(
1
𝛿

)ª®®¬ ,
• Classical preprocessing time:

𝐶pre = 𝑂 (
(
𝐾 (𝜀/9 𝑓 ) · log

(9 𝑓 · 𝑐(𝜀/9 𝑓 )
𝜀

))2
) ,

where 𝑇 (𝜀𝐹) := max𝑘 |𝑡𝑘 (𝜀𝐹) | is the largest time parameter in the Fourier approximation with error
𝜀/9 𝑓 , and 𝑐(𝜀𝐹) :=

∑
𝑘 |𝑐𝑘 (𝜀𝐹) | is the ℓ1-norm of the Fourier coefficients.

Proof. Recall as before from Lemma 21 we have an operator 𝑓𝐹,𝑅 (𝐻) which satisfies ∥ 𝑓𝐹,𝑅 (𝐻) −
𝑓 (𝐻)∥ ≤ 𝜀𝐹 + 𝑐(𝜀𝐹) · 𝜀𝑅 where 𝑓𝐾,𝑅 (𝐻) =

∑𝐾
𝑘=1

∑𝑚
𝑗=1 𝑐𝑘𝑏 𝑗P1/𝑠 𝑗 (𝑠 𝑗 𝑡𝑘 ) is a linear combination of

product formulae, 𝜀𝐹 is an error controlled purely by Fourier coefficients (defined in Eq. (70)), and
𝜀𝑅 is an error purely controlled by extrapolation parameters (c.f. Section 3.2). Thus, 𝑓𝐹,𝑅 takes the
form of 𝐺 in Lemma 27, with weight of linear combination 𝑆 = 𝑂 (𝑐(𝜀𝐹) log log(1/𝜀𝑅)), where
𝑐 :=

∑
𝑘 |𝑐𝑘 |.

Recall further from Lemma 18 that the maximum Trotter step number of the product formulae is
𝑂 (log (𝑐(𝜀𝐹)/𝜀𝑅) · (𝑎maxΥ𝜆comm𝑡max(𝜀𝐹))1+1/𝑝).

Denote ®𝑓𝐾,𝑚 (𝐴) as the vector corresponding to the (non-normalized probability) distribution
with 𝑖th entry | ⟨𝑖 | 𝑓𝐾,𝑚 (𝐴) |𝜓⟩ |2 for all 𝑖, and likewise ®𝑓 (𝐴) as the distribution with 𝑖th entry
| ⟨𝑖 | 𝑓 (𝐴) |𝜓⟩ |2. We can check that the ℓ1 distance between these distribution satsifies

∥ ®𝑓𝐾,𝑚 (𝐴) − ®𝑓 (𝐴)∥1 =
∑︁
𝑖

���⟨𝑖 | ( 𝑓𝐾,𝑚 (𝐴) |𝜓⟩⟨𝜓 | 𝑓 †𝐾,𝑚 (𝐴) − 𝑓 (𝐴) |𝜓⟩⟨𝜓 | 𝑓 †(𝐴)) |𝑖⟩��� (98)

≤ Tr
[��� 𝑓𝐾,𝑚 (𝐴) |𝜓⟩⟨𝜓 | 𝑓 †𝐾,𝑚 (𝐴) − 𝑓 (𝐴) |𝜓⟩⟨𝜓 | 𝑓 †(𝐴)���] (99)

=




 𝑓𝐾,𝑚 (𝐴) |𝜓⟩⟨𝜓 | 𝑓 †𝐾,𝑚 (𝐴) − 𝑓 (𝐴) |𝜓⟩⟨𝜓 | 𝑓 †(𝐴)


1
(100)
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≤


( 𝑓𝐾,𝑚 (𝐴) − 𝑓 (𝐴)) |𝜓⟩⟨𝜓 | 𝑓 †𝐾,𝑚 (𝐴)

1 +



 𝑓 (𝐴) |𝜓⟩⟨𝜓 | ( 𝑓 †
𝐾,𝑚
(𝐴) − 𝑓 †(𝐴))




1

(101)
≤



( 𝑓𝐾,𝑚 (𝐴) − 𝑓 (𝐴)) |𝜓⟩

2 ·
(
1 + ∥ 𝑓𝐾,𝑚 |𝜓⟩ ∥2

)
(102)

≤ 2∥ 𝑓𝐾,𝑚 (𝐴) − 𝑓 (𝐴)∥ · ∥ 𝑓 |𝜓⟩ ∥2 + ∥ 𝑓𝐾,𝑚 (𝐴) − 𝑓 (𝐴)∥2 (103)
≤ 3 𝑓 (𝜀𝐹 + 𝑐(𝜀𝐹) · 𝜀𝑅) (if 𝜀𝐹 + 𝑐(𝜀𝐹) · 𝜀𝑅 ≤ 1) , (104)

where the first equality is an unravelling of definitions, the first inequality is due to the fact
that any operator can be written as the difference of two positive operators 𝑋+ and 𝑋− and that
| ⟨𝑖 | 𝑋+ − 𝑋− |𝑖⟩ | ≤ ⟨𝑖 | 𝑋+ |𝑖⟩ + ⟨𝑖 | 𝑋− |𝑖⟩ = ⟨𝑖 | |𝑋+ − 𝑋− | |𝑖⟩, the following equality introduces the
Schatten 1-norm, the second inequality is obtained by adding and subtracting terms followed with a
triangle inequality, the third inequality is due to the tracial matrix Hölder inequality, and the final
inequality follows by definition of the operator norm and denoting 𝑓 := max(1, ∥ 𝑓 |𝜓⟩ ∥2).

We now have all the tools to put together the theorem statement. Lemma 27 demonstrates that
Algorithm 3 returns a vector ®𝑣 can be obtained which has statistical error 𝜀𝑠 characterized as

∥®𝑣 − ®𝑓𝐾,𝑚 (𝐴)∥2 ≤ 𝜀𝑠 , (105)

with probability at least (1 − 𝛿) using 𝑂
(
𝑆4

𝜀2
𝑠

log
(

1
𝛿

))
= 𝑂

(
(𝑐(𝜀𝐹 ) log log(1/𝜀𝑅))4

𝜀2
𝑠

log
(

1
𝛿

))
samples. As

∥®𝑣 − ®𝑓 (𝐴)∥2 ≤ ∥®𝑣 − ®𝑓𝐾,𝑚 (𝐴)∥2 + ∥ ®𝑓𝐾,𝑚 (𝐴) − ®𝑓 (𝐴)∥1, (106)

(due to triangle inequality and monotonicity of ℓ𝑝 norms) we can thus guarantee ∥®𝑣− ®𝑓 (𝐴)∥2 ≤ 𝜀 ≤ 1
by setting 𝜀𝑠 = 𝜀/3, 𝜀𝐹 = 𝜀/(9 𝑓 ), 𝜀𝑅 = 𝜀/(9 𝑓 𝑐(𝜀𝐹)). Further, we note that 𝜀 ≤ 1 subsumes the
condition in Eq. (104). Substituting these values in, we obtain the stated quantum complexities. The
classical preprocessing cost to compute the probability distribution is 𝑂 ((𝐾 (𝜀𝐹) log(𝜀𝑅))2) as in
the proof of Theorem 24. □
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Algorithm 3 Randomized algorithm for estimating distributions
Input: Fourier series 𝐹 = {𝑐𝑘 , 𝑡𝑘 }𝐾𝑘=1; Richardson extrapolation schedule 𝑅 = {𝑏 𝑗 , 𝑞 𝑗 }𝑚𝑗=1; base

Trotter step number 1/𝑠; input state |𝜓⟩⟨𝜓 | and unitary 𝑈 with efficient preparations; matrix
with decomposition 𝐻 =

∑
ℓ 𝐻ℓ and product formula P.

1: Classical preprocessing: Compute the probability distribution:{ ��𝑐𝑘𝑐𝑘 ′𝑏 𝑗𝑏 𝑗 ′ ��
𝑆2

}
𝑘,𝑘 ′, 𝑗 , 𝑗 ′

for 𝑘, 𝑘′ = 1, . . . , 𝐾; 𝑗 , 𝑗 ′ = 1, . . . , 𝑚 .

2: for 𝑖 = 1 to 𝐶sample do:
3: Sample two index pairs (𝑘′′, 𝑗 ′′), (𝑘′′′, 𝑗 ′′′) from the probability distribution.
4: Take 𝑠 𝑗 ′′ ← 𝑠/𝑞 𝑗 ′′ , 𝑠 𝑗 ′′′ ← 𝑠/𝑞 𝑗 ′′′ .
5: Prepare a generalized Hadamard test circuit corresponding to unitaries

𝑈P1/𝑠 𝑗′′ (𝑠 𝑗 ′′𝑡𝑘 ′′) , 𝑈P1/𝑠 𝑗′′′ (𝑠 𝑗 ′′′𝑡𝑘 ′′′) ,

and measure all qubits to obtain (𝑧0, ®𝑧𝑛) ∈ {0, 1}𝑛+1.
6: Take ®𝑓(𝑘 ′′,𝑘 ′′′, 𝑗 ′′, 𝑗 ′′′) ← 𝑆2 · sign(𝑐𝑘 ′′𝑐𝑘 ′′′𝑏 𝑗 ′′𝑏 𝑗 ′′′) · (−1)𝑧0 · ®𝑧𝑛.
7: end for
8: Return: 𝜇← the sample mean over all 𝐶sample values.

5 𝑘-local systems
In this section we discuss how to obtain commutator scaling for 𝑘-local systems for our algorithms,
as well as other product formula extrapolation algorithms. A key technical tool is a based on an
insight of Mizuta to exploit the fact that the BCH formula can be tightly truncated whilst maintaining
good approximation of Trotterized time evolution [Miz26].

Lemma 29 (Truncated BCH formula [Miz26]). For a 𝑘-local system on 𝑛 qubits with maximum
energy per site 𝑔, define the truncated effective Trotter Hamiltonian

𝐻eff (𝑡, 𝜀) := 𝐻 +
𝑝0 (𝜀)∑︁
𝑗=1

𝐸 𝑗+1𝑡
𝑗 . (107)

If we set the truncation order as 𝑝0(𝜀) = ⌈log(2𝑛/𝜀)⌉ for some parameter 𝜀 ∈ (0, 1), then we have

∥𝑒−𝑖𝐻eff (𝑡)𝑡 − 𝑒−𝑖𝐻eff (𝑡,𝜀)𝑡 ∥ ≤ 𝜀 . (108)

The above lemma implies that for an extrapolation schedule {𝑠𝑖}𝑖 with coefficients {𝑏𝑖}𝑖, the
approximation error can be bounded as

∑︁

𝑖

𝑏𝑖𝑒
−𝑖𝐻eff (𝑠𝑖𝑇)𝑇 −

∑︁
𝑖

𝑏𝑖𝑒
−𝑖𝐻eff (𝑠𝑖𝑇,𝜀tr𝑠/∥®𝑏∥1)𝑇



 ≤ 𝜀tr , (109)
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where 𝑠 is any given lower bound on all 𝑠𝑖, by using a triangle inequality and bounding the
telescoping sum. That is, we can control the error by setting a truncation parameter 𝑝0(𝜀tr𝑠/∥®𝑏∥1) =
⌈log(2𝑛∥®𝑏∥1/𝑠𝜀tr)⌉. This will be useful to us as it means we only require knowledge of error
operators to bounded order 𝑝0(𝜀tr𝑠/∥®𝑏∥1), and allows us to avoid divergences in the extrapolated
commutator factor. Specifically, for any error parameter 𝜀 we can simply repeat the same analysis of
Lemma 13 for 𝐻eff (𝑡, 𝜀) and obtain an error series

𝑒−𝑖𝐻eff (𝑠𝑇,𝜀) − 𝑒−𝑖𝐻𝑇 =
∑︁

𝑗∈𝜎Z+≥𝑝
𝑠 𝑗 𝐸̃ 𝑗+1(𝑇, 𝜀) , (110)

with error operators now of the form

𝐸̃ 𝑗+1(𝑇, 𝜀) :=
⌊ 𝑗/𝑝⌋∑︁
𝑙=1

𝑇 𝑗+𝑙
∫ 1

0
𝑑𝑠1

∫ 𝑠1

0
𝑑𝑠2· · ·

∫ 𝑠𝑙−1

0
𝑑𝑠𝑙

∑︁
𝑝≤ 𝑗1... 𝑗𝑙≤𝑝0 (𝜀)

∈𝜎Z+
𝑗1+···+ 𝑗𝑙= 𝑗

(
1∏
𝜅=𝑙

𝑒𝑖(𝑠𝜅−1−𝑠𝜅 )𝑇𝐻𝑖𝐸 𝑗𝜅+1

)
𝑒𝑖𝑠𝑙𝑇𝐻 ,

(111)

∥𝐸̃ 𝑗+1(𝑇, 𝜀)∥ ≤ (𝑎maxΥ𝑇) 𝑗
⌊ 𝑗/𝑝⌋∑︁
𝑙=1

(𝑎maxΥ𝑇)𝑙
𝑙!

∑︁
𝑝≤ 𝑗1... 𝑗𝑙≤𝑝0 (𝜀)

∈𝜎Z+
𝑗1+···+ 𝑗𝑙= 𝑗

(
𝑙∏
𝜅=1

𝛼
( 𝑗𝜅+1)
comm
( 𝑗𝜅 + 1)2

)
=

⌊ 𝑗/𝑝⌋∑︁
𝑙=1

(𝑎maxΥ𝑇𝜆
(𝑠𝜀tr)
comm) 𝑗+𝑙

𝑙!
,

(112)

where 𝜆(𝜀)comm is defined as

𝜆
(𝜀)
comm := sup

𝑗∈𝜎Z+≥𝜎𝑚
1≤𝑙≤⌊ 𝑗/𝑝⌋

( ∑︁
𝑝≤ 𝑗1... 𝑗𝑙≤𝑝0 (𝜀)

∈𝜎Z+
𝑗1+···+ 𝑗𝑙= 𝑗

(
𝑙∏
𝜅=1

𝛼
( 𝑗𝜅+1)
comm
( 𝑗𝜅 + 1)2

) ) 1
𝑗+𝑙

. (113)

Lemma 30. For a 𝑘-local Hamiltonian 𝐻 on 𝑛 qubits with maximum on site energy 𝑔, we have

𝜆
(𝜀)
comm = 𝑂

(
𝑘𝑔(𝑝Λ1/𝑝 + log(𝑛/𝜀))

)
. (114)

Proof. The analysis is identical to that found in [Miz26, Lemma 5], and we provide a proof here for
completeness. For 𝑘-local systems, we have 𝛼( 𝑗)comm ≤ ( 𝑗 − 1)!(2𝑘𝑔) 𝑗−1Λ [Chi+21]. Thus, we can
write ∑︁

𝑝≤ 𝑗1... 𝑗𝑙≤𝑝0 (𝜀)
∈𝜎Z+

𝑗1+···+ 𝑗𝑙= 𝑗

(
𝑙∏
𝜅=1

𝛼
( 𝑗𝜅+1)
comm
( 𝑗𝜅 + 1)2

)
≤

∑︁
𝑝≤ 𝑗1... 𝑗𝑙≤𝑝0 (𝜀)

∈𝜎Z+
𝑗1+···+ 𝑗𝑙= 𝑗

(
𝑙∏
𝜅=1
( 𝑗𝜅 − 2)!(2𝑘𝑔) 𝑗𝜅Λ/𝑔

)
(115)

≤
∑︁

𝑝≤ 𝑗1... 𝑗𝑙≤𝑝0 (𝜀)
∈𝜎Z+

𝑗1+···+ 𝑗𝑙= 𝑗

𝑙∏
𝜅=1

(
2𝑘𝑔 𝑗𝜅 (Λ/𝑔)1/ 𝑗𝜅

) 𝑗𝜅
(116)
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≤
(

max
𝑝≤ 𝑗 ′≤𝑝0 (𝜀)

(
2𝑘𝑔 𝑗 ′(Λ/𝑔)1/ 𝑗 ′

)) 𝑗+𝑙 ∑︁
𝑗1... 𝑗𝑙≥0
𝑗1+···+ 𝑗𝑙= 𝑗

1 (117)

≤ (4𝑘𝑔) 𝑗+𝑙
(

max
𝑝≤ 𝑗 ′≤𝑝0 (𝜀)

(
𝑗 ′(Λ/𝑔)1/ 𝑗 ′

)) 𝑗+𝑙
(118)

where in the final line we have used the stars-and-bars formula to bound the sum by
( 𝑗+𝑙−1
𝑙−1

)
≤ 2 𝑗+𝑙 .

The function 𝑥(Λ/𝑔)1/𝑥 monotonically decreases in 𝑥 for all 0 < 𝑥 < log(Λ/𝑔) and increasing for
𝑥 ≥ log(Λ/𝑔). Thus, we have

max
𝑝≤ 𝑗 ′≤𝑝0 (𝜀)

(
𝑗 ′(Λ/𝑔)1/ 𝑗 ′

)
≤ max

{
𝑝Λ1/𝑝, 𝑝0(𝜀)Λ1/𝑝0 (𝜀)} = 𝑂

(
𝑝Λ1/𝑝 + 𝑝0(𝜀)

)
, (119)

due to the fact that Λ ≤ 𝑛𝑔 and 𝑥1/log(𝑥) = 𝑂 (1). Putting everything together, we have

𝜆
(𝜀)
comm ≤ 4𝑘𝑔(𝑝Λ1/𝑝 + 𝑝0(𝜀)) , (120)

as required. □

Lemma 31 (Generic Richardson extrapolation error for time signal, k- local). Let P be a staged 𝑝th
order product formula of symmetry class 𝜎, where 𝜎 = 2 if P is symmetric, 1 otherwise. For a
target evolution time 𝑇 let

P (𝑅)𝑝,𝑚 (𝑇) :=
𝑚∑︁
𝑘=1

𝑏𝑖P1/𝑠𝑖 (𝑠𝑖𝑇) =
𝑚∑︁
𝑖=1

𝑏𝑖𝑒
−𝑖𝐻eff (𝑠𝑖𝑇)𝑇 (121)

denote an𝑚-term Richardson extrapolation, with ascending sequence of Trotter steps 𝑟𝑘 = 1/𝑠𝑘 ∈ Z+,
which cancel the powers 𝑠𝜎, 𝑠2𝜎, . . . , 𝑠𝜎(𝑚−1) . We consider a Hamiltonian which assumes the
conditions of Lemma 13. Then, the error in the extrapolation of a Trotterized time signal, as
compared to an exact time signal, satisfies�� Tr[𝜌(P (𝑅)𝑝,𝑚 (𝑇) − 𝑒−𝑖𝐻𝑇 )]

�� ≤ 4∥®𝑏∥1𝜂⌊𝜎𝑚/𝑝⌋
(
𝑠1𝑎maxΥ𝜆

(𝑠𝜀/2∥®𝑏∥1)
comm 𝑇

)𝜎𝑚
+ 𝜀/2 . (122)

for any quantum state 𝜌, where ∥®𝑏∥1 =
∑
𝑘 |𝑏𝑘 |, and 𝑠 is a lower bound on all 𝑠𝑘 .

Proof. Set the truncation parameter as 𝑝0(𝜀′) = 𝑝0(𝜀𝑠/2∥®𝑏∥1) = ⌈log(4𝑛∥®𝑏∥1/𝑠𝜀)⌉. The extrapol-
ation error takes the form

Tr[𝜌(P (𝑅)𝑝,𝑚 (𝑇) − 𝑒−𝑖𝐻𝑇 )] =
𝑚∑︁
𝑘=1

𝑏𝑘 ∥𝑅𝜎(𝑚−1) (𝑇, 𝑠𝑘 , 𝜀′)∥. (123)

where 𝑅𝜎(𝑚−1) (𝑇, 𝑠𝑘 ) denotes the Taylor remainder of degree 𝜎(𝑚 − 1) which takes the form

𝑅𝜎(𝑚−1) (𝑇, 𝑠𝑘 ) :=
∑︁
𝑗∈𝜎Z+
𝑗≥𝜎𝑚

𝑠
𝑗

𝑘
𝐸̃ 𝑗+1(𝑇, 𝜀′) , (124)
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for each inverse Trotter step 𝑠𝑘 . The size of this is bounded as

𝑅𝜎(𝑚−1) (𝑇, 𝑠𝑘 , 𝜀′)


 ≤ ∑︁

𝑗∈𝜎Z+
𝑗≥𝜎𝑚

𝑠
𝑗

𝑘



𝐸̃ 𝑗+1(𝑇, 𝜀′)

 (125)

≤
∑︁
𝑗∈𝜎Z+
𝑗≥𝜎𝑚

𝑠
𝑗

𝑘

⌊ 𝑗/𝑝⌋∑︁
𝑙=1

(
𝑎maxΥ𝜆

(𝜀′)
comm𝑇

) 𝑗+𝑙
𝑙!

, (126)

where as before we have used Lemma 13 and denoted 𝜆 𝑗 ,𝑙 as in the statement of this Lemma.
As 𝜆(𝜀

′)
comm is independent of the extrapolation index 𝑖, we can proceed as before and bound the

extrapolation error simply as�� Tr[𝜌(P (𝑅)𝑝,𝑚 (𝑇) − 𝑒−𝑖𝐻𝑇 )]
�� ≤ ∥®𝑏∥1 · 

𝑅𝜎(𝑚−1) (𝑇, 𝑠1)



 ≤ 4∥®𝑏∥1𝜂⌊𝜎𝑚/𝑝⌋ (𝑠1𝑎maxΥ𝜆comm𝑇)𝜎𝑚 .
(127)

on the condition that 𝑠1(𝑎maxΥ𝜆comm𝑇)1+1/𝑝 ≤ 1/2. Finally, one can check that setting 𝜀′ =
𝜀𝑠/2∥®𝑏∥1 guarantees that the truncation error is bounded as

P (𝑅)𝑝,𝑚 (𝑇) −

∑︁
𝑖

𝑏𝑖𝑒
−𝑖𝐻eff (𝑠𝑖𝑇,𝜀𝑠/2∥®𝑏∥1)𝑇



 ≤ 𝜀/2 , (128)

and the statement of the lemma follows by a triangle inequality. □

The above lemma allows us to repeat prior analysis with 𝜆(𝑠𝜀/2∥
®𝑏∥1)

comm for 𝑘-local systems in place
of 𝜆comm. In the case of compiling time evolution, we have 𝑠 = poly(𝑛, 𝑔, 𝑇, 𝜀−1) (note that Λ ≤ 𝑛𝑔).

Moreover, we have 𝜆(𝑠𝜀/2∥
®𝑏∥1)

comm ≤ 𝜆𝑘-local, where

𝜆𝑘-local = 𝑂
(
𝑘𝑔(𝑝Λ1/𝑝 + 𝑔 log(𝑛𝑔𝑇/𝜀))

)
. (129)

Further, when compiling other functions 𝑇 is simply taken to be the maximum time parameter
of the Fourier series, and an additive term of 𝑔 log log(𝑐(𝜀/3)) is inherited for the Fourier weight
𝑐(𝜀/3).

6 Exploiting Hamiltonian symmetries

6.1 General result
In this section we demonstrate that our algorithms (as well as prior art that uses extrapolated
product formulae [WW25; Cha+25]) inherit the ability of product formulae to exploit Hamiltonian
symmetries in commutator scaling.
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Theorem 32 (Hamiltonian symmetries). Consider a Hamiltonian 𝐻 =
∑Γ
𝛾=1 𝐻𝛾 which observes

symmetry 𝑆 such that [𝐻𝛾, 𝑆] = 0 for all 𝛾. Let Π𝑖 be the projector onto the 𝑖th symmetry sector
corresponding to 𝑆. Then, given any input state that belongs to that symmetry sector 𝜌 = Π𝑖𝜌Π𝑖,
Algorithms 1, 2, 3 all succeed at their stated tasks with complexities given in Theorems 24, 26, 28
respectively, with a refined extrapolated commutator factor 𝜆comm → 𝜆comm,𝑖, where

𝜆comm,𝑖 := sup
𝑗∈𝜎Z+≥𝜎𝑚
1≤𝑙≤⌊ 𝑗/𝑝⌋

( ∑︁
𝑗1... 𝑗1∈𝜎Z+≥𝑝
𝑗1+···+ 𝑗𝑙= 𝑗

𝑙∏
𝜅=1

𝛼
( 𝑗𝜅+1)
comm,𝑖

( 𝑗𝜅 + 1)2

)1/( 𝑗+𝑙)
, (130)

where we have denoted

𝛼
( 𝑗)
comm,𝑖 :=

Γ∑︁
𝛾1,...,𝛾 𝑗=1



[𝐻𝛾1 , . . . , 𝐻𝛾 𝑗
]
Π𝑖



 . (131)

We remark that 𝛼( 𝑗)comm,𝑖 (c.f. Definition 2) is exactly the commutator factor that characterizes the
complexity of product formulae given an input state that belongs to the 𝑖th symmetry sector for a
symmetric Hamiltonian.

Proof. Under the stated conditions, we demonstrate a modified version of Lemmas 13 and 18.
These lemmas can be propagated through to Theorems 24, 26 and 28. First, we note that time
evolution unitaries of 𝐻 commute with 𝑆 and Π𝑖. Second, any product formula constructed from
the decomposition given in the Theorem statement 𝐻 =

∑Γ
𝛾=1 𝐻𝛾 commutes with 𝑆 and Π𝑖, as it

consists of a product of time evolution operators of the form exp(−𝑖𝐻𝛾𝜏). Third, the Hamiltonian
error operators 𝐸 𝑗 (defined in Lemma 11) also commute with 𝑆 and Π𝑖, as they consist of a linear
combination of nested commutators of 𝐻𝛾 . Finally, the time evolution error operators 𝐸̃ 𝑗 (defined in
Eq. (235)) also commute with 𝑆 and Π𝑖, as they are formed from products of time evolution unitaries
and 𝐸 𝑗 .

The first two statements allow us to write a projected error series (modifying Lemma 13):

Π𝑖 (P1/𝑠 (𝑠𝑇) − 𝑒𝑖𝐻𝑇 ) = (P1/𝑠 (𝑠𝑇) − 𝑒𝑖𝐻𝑇 )Π𝑖 =
∑︁

𝑗∈𝜎Z+≥𝑝
𝑠 𝑗 𝐸̃ 𝑗+1(𝑇)Π𝑖 . (132)

Further, the first and fourth statements allow us to denote 𝐸̃ 𝑗+1(𝑇)Π𝑖 = 𝐸̃ (𝑖)𝑗+1(𝑇) where

∥𝐸̃ (𝑖)
𝑗+1(𝑇)∥ ≤ (𝑎maxΥ𝑇) 𝑗

⌊ 𝑗/𝑝⌋∑︁
𝑙=1

(𝑎maxΥ𝑇)𝑙
𝑙!

∑︁
𝑗1... 𝑗𝑙∈𝜎Z+≥𝑝
𝑗1+···+ 𝑗𝑙= 𝑗

(
𝑙∏
𝜅=1

𝛼
( 𝑗𝜅+1)
comm,𝑖

( 𝑗𝜅 + 1)2

)
(133)

=

⌊ 𝑗/𝑝⌋∑︁
𝑙=1

(𝑎maxΥ𝑇𝜆comm,𝑖) 𝑗+𝑙
𝑙!

, (134)

with 𝛼( 𝑗𝜅+1)comm,𝑖 and 𝜆comm,𝑖 defined in the theorem statement, where we have used the fact that Π𝑖 = Π2
𝑖
.

From here we can modify Lemma 18 to bound the projected error: we can attain extrapolation
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error ∥(𝑒−𝑖𝐻𝑇 − P (𝑅)𝑝,𝑚 (𝑇))Π𝑖∥ = ∥Π𝑖 (𝑒−𝑖𝐻𝑇 − P (𝑅)𝑝,𝑚 (𝑇))∥ ≤ 𝜀 using 𝑚 = 𝑂 (log(1/𝜀)) extrapolation
circuits, each with at most 𝑂

( (
𝑎maxΥ𝜆comm,𝑖𝑇

) (1+1/𝑝) log(1/𝜀)
)

Trotter steps. We note this is an
identical result to Lemma 18 except with 𝜆comm → 𝜆comm,𝑖.

Let us now inspect the three quantities required of Tasks (1(i)) (1(ii)) and 2. In each case, we are
either approximating the operator 𝜌 𝑓 (𝐻) or 𝑓 (𝐻)𝜌 𝑓 (𝐻), where 𝑓 (𝐻) is decomposed into a linear
combination of time evolution operators. As 𝜌 = Π𝑖𝜌Π𝑖, we can recover all our results of Theorems
24, 26 and 28 using our new projected error bounds, attaining the same complexities except with
𝜆comm → 𝜆comm,𝑖. □

6.2 Input states with well-defined Fermion number
In the remainder of this section we discuss implications for Fermionic systems as a specific example.

In many quantum simulation settings (such as electronic structure problems and lattice fermion
models) the dynamics are number preserving. That is, the Hamiltonians and observables of
interest commute with the number operator 𝑛̂𝑖 = 𝑎̂𝑖 𝑎̂†𝑖 , where we denote 𝑎̂𝑖 and 𝑎̂†

𝑖
as the Fermionic

annihilation and creation operators respectively for the 𝑖th mode. Under such dynamics, if the
input state has a well-defined Fermion number, tighter Trotter error bounds can be established,
by considering the size of the error operator under the so-called Fermionic seminorm [MCS22;
SHC21; Low+23]. Specifically, the complexity depends on where 𝛼𝜂-comm ≪ 𝛼comm if the number
of Fermions is much smaller than the number of basis states (such as orbitals).

We work in a Fermionic Fock space with fixed particle number sectors (symmetry sectors) labeled
by 𝜂. For any operator 𝑋 that preserves particle number, we define the Fermionic 𝜂-seminorm:

∥𝑋 ∥𝜂 := max
|𝜓𝜂⟩, |𝜙𝜂⟩

|⟨𝜙𝜂 |𝑋 |𝜓𝜂⟩|
∥𝜓𝜂∥ · ∥𝜙𝜂∥

,

where |𝜓𝜂⟩ and |𝜙𝜂⟩ are 𝜂-electron states. Importantly, this seminorm quantifies the action of 𝑋
restricted to the 𝜂-particle subspace.

Lemma 33 (Fermionic seminorm as a projected spectral norm [SHC21]). For any number-preserving
operator 𝑋 , the Fermionic 𝜂-seminorm satisfies

∥𝑋 ∥𝜂 = max
|𝜓𝜂⟩,|𝜙𝜂⟩

|⟨𝜙𝜂 |𝑋 |𝜓𝜂⟩| = ∥𝑋Π𝜂∥,

where Π𝜂 is the projector onto the 𝜂-Fermion subspace.

We can thus use Theorem 32 to write a refined statement for our algorithms when the input state
has a well-defined Fermion number.

Theorem 34 (Exploiting low Fermion number). Consider a number preserving Hamiltonian
𝐻 =

∑Γ
𝛾=1 𝐻𝛾 such that [𝐻𝛾, 𝑛̂] = 0 for all 𝛾. Then, given any input state with well-defined Fermion

number 𝜂, Algorithms 1, 2, 3 all succeed at their stated tasks with complexities given in Theorems
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24, 26, 28 respectively, with a refined extrapolated commutator factor 𝜆comm → 𝜆
(𝜂)
comm, where

𝜆
(𝜂)
comm := sup

𝑗∈𝜎Z+≥𝜎𝑚
1≤𝑙≤⌊ 𝑗/𝑝⌋

( ∑︁
𝑗1... 𝑗1∈𝜎Z+≥𝑝
𝑗1+···+ 𝑗𝑙= 𝑗

𝑙∏
𝜅=1

𝛼
( 𝑗𝜅+1)
𝜂-comm

( 𝑗𝜅 + 1)2

)1/( 𝑗+𝑙)
, (135)

where we have denoted

𝛼
( 𝑗)
𝜂-comm :=

Γ∑︁
𝛾1,...,𝛾 𝑗=1



[𝐻𝛾1 , . . . , 𝐻𝛾 𝑗
]


𝜂
. (136)

In [SHC21; MCS22; Low+23; Wat+23], the Trotter error with respect to the Fermionic seminorm
has been carefully studied – more specifically, bounds on 𝛼( 𝑗)𝜂-comm are known. In what follows, we
give an example of how this materially allows the same scaling to be translated to our extrapolation
algorithms. We quote a theorem of [Low+23].

Theorem 35 (Trotter error with Fermionic induced 1-norm scaling ([Low+23], Theorem 4)). Let
𝐻 = 𝑇 + 𝑉 :=

∑
𝑗 ,𝑘 𝜏𝑗 ,𝑘 𝑎̂

†
𝑗
𝑎̂𝑘 +

∑
𝑙,𝑚 𝜈𝑙,𝑚 𝑛̂𝑙 𝑛̂𝑚 be an interacting-electronic Hamiltonian, where the

sums are over n orbitals and 𝑛̂𝑖 is the orbital occupation number. Let P denote a 𝑝th-order product
formula based on this decomposition. Then,

(𝛼(𝑝+1)𝜂-comm)1/𝑝 = 𝑂
((
|||𝜏 |||1 + |||𝜈 |||1,𝜂

)1−1/𝑝 (
|||𝜏 |||1 |||𝜈 |||1,𝜂 𝜂

)1/𝑝
)
, (137)

where we define norms on Hamiltonian parameters as

|||𝜏 |||1 = max
𝑗

∑︁
𝑘

|𝜏𝑗 ,𝑘 |, |||𝜈 |||1,𝜂 = max
𝑗

max
𝑘1<···<𝑘𝜂

(
|𝜈 𝑗 ,𝑘1 | + · · · + |𝜈 𝑗 ,𝑘𝜂 |

)
. (138)

The above bound (and similar results in [SHC21; MCS22]) can be used to give refined gate
complexities for simulating systems of Fermions when the input state has well-defined Fermion
number which is small. For instance, for the uniform electron gas (Jellium) in a small Fermion
number regime 𝜂 = 𝑂 (𝑛), Theorem 35 leads to a gate complexity 𝑂 (𝑛5/3+𝑜(1)), which can be
compared to other state-of-art techniques which do not exploit any prior on the input state, which
attain𝑂 (𝑛2+𝑜(1)) gate complexity for Trotter methods or𝑂 (𝑛2) for methods which use more ancillary
qubits.

Theorem 36 (Extrapolated error with Fermionic induced 1-norm scaling). Subsume the conditions
of Theorem 35, and suppose that 𝜂 = Ω(max( |||𝜏 |||1/|||𝜈 |||1,𝜂, |||𝜈 |||1,𝜂/|||𝜏 |||1)). We have

𝜆
1+1/𝑝
comm = 𝑂

((
|||𝜏 |||1 + |||𝜈 |||1,𝜂

)1−1/𝑝 (
|||𝜏 |||1 |||𝜈 |||1,𝜂 𝜂

)1/𝑝
)
, (139)

Proof. Lemma 52 gives a bound for 𝜆comm for any bound on 𝛼( 𝑗)comm of the form 𝛼
( 𝑗)
comm ≤ 𝐴𝑛 𝑗 .

Asserting the condition ( |||𝜏 |||1 |||𝜈 |||1,𝜂 𝜂) ≤ (|||𝜏 |||1 + |||𝜈 |||1,𝜂)2 gives 𝐴 ≥ 1 and this can be substituted
into Lemma 52 to obtain the stated result. □

To illustrate an example of when the conditions of Theorem 36 are valid, take all |𝜈 𝑗 ,𝑘 |, |𝜏𝑗 ,𝑘 | =
Θ(1). Then, the theorem conditions are satisfied for any systems with Fermion number 𝜂 = Ω(

√
𝑛).
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7 Gate complexities without extrapolated commutator factor
In our derivations on the error series for time evolution operators, we ultimately establish a bound
on the size of error operators as

∥𝐸 𝑗+1(𝑇)∥ = 𝑂 ((𝑎maxΥ𝜆comm𝑇) 𝑗 (1+1/𝑝)) , (140)

(see Lemmas 13 and 14). In this section we consider an alternative bound which is wholly
independent of 𝜆comm and can be propagated through to produce alternative gate complexities for all
of our core algorithms. This enables refined analytical guarantees for when bounds on 𝜆comm are
not tight, yet non-trivial bounds on 𝛼(𝑝+1)comm are known.

Lemma 37. Consider the time evolution operator error series in Lemma 13. We have

∥𝐸 𝑗+1(𝑇)∥ ≤

(𝑒 − 1) (4𝑎maxΥΛ𝑇) 𝑗 if 𝛼(𝑝+1)comm𝑇 ≤ (4Λ)𝑝

2𝑎maxΥ

(𝑒 − 1)
(
(2𝛼𝑝+1comm)1/𝑝 (𝑎maxΥ𝑇)1+1/𝑝)

) 𝑗
else

(141)

Proof. In [WW24] the nesting property

𝛼
( 𝑗)
comm ≤ (2Λ) 𝑗−𝑘𝛼(𝑘)comm (142)

is demonstrated for any 𝑘, 𝑗 satisfying 2 ≤ 𝑘 ≤ 𝑗 . From there the authors show that



𝐸̃ 𝑗+1(𝑇)

 ≤ (4𝑎maxΥΛ𝑇) 𝑗
⌊ 𝑗/𝑝⌋∑︁
𝑙=1

1
𝑙!

(
2𝑎maxΥ𝛼

(𝑝+1)
comm𝑇

(4Λ)𝑝

) 𝑙
. (143)

Now we can treat our two cases separately, based on the value of
(

2𝑎maxΥ𝛼
(𝑝+1)
comm 𝑇

(4Λ)𝑝

)
. If this is ≤ 1 then

we can bound the sum by the first term as



𝐸̃ 𝑗+1(𝑇)

 ≤ (𝑒 − 1) (4𝑎maxΥΛ𝑇) 𝑗
(

2𝑎maxΥ𝛼
(𝑝+1)
comm𝑇

(4Λ)𝑝

)
≤ (𝑒 − 1) (4𝑎maxΥΛ𝑇) 𝑗 , (144)

where we have used the fact that
∑∞
𝑙=1

1
𝑙! ≤ (𝑒 − 1). If the term is ≥ 1 then we can bound the sum by

the largest term and we have



𝐸̃ 𝑗+1(𝑇)

 ≤ (𝑒 − 1) (4𝑎maxΥΛ𝑇) 𝑗
(

2𝑎maxΥ𝛼
(𝑝+1)
comm𝑇

(4Λ)𝑝

) 𝑗/𝑝
(145)

≤ (𝑒 − 1)
(
(2𝛼(𝑝+1)comm)1/𝑝 (𝑎maxΥ𝑇)1+1/𝑝)

) 𝑗
. (146)

□
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The alternative bound we establish above can be propagated through to give alternative gate
complexities for our three core algorithms. Using the bound on the size of error operators in Lemma
37, the extrapolation error found in Lemma 14 is modified as


P (𝑅)𝑝,𝑚 (𝑇) − 𝑒𝑖𝐻𝑇




 ≤ 4∥®𝑏∥1𝑠𝜎𝑚 ·max
{
1, (𝛼(𝑝+1)comm) ⌊𝜎𝑚/𝑝⌋ (𝑎maxΥ𝑇)𝜎𝑚+⌊𝜎𝑚/𝑝⌋ , (𝑎maxΥΛ𝑇)𝜎𝑚

}
.

(147)
Following prior proof steps, in order to obtain extrapolation error in the time evolution

∥P (𝑅)𝑝,𝑚 (𝑇) − 𝑒𝑖𝐻𝑇 ∥ ≤ 𝜀, it is sufficient to take number of Trotter steps

𝑟max = 𝑞𝑚

max
{
1, (𝑎maxΥΛ𝑇) , (𝛼(𝑝+1)comm)1/𝑝 (𝑎maxΥ𝑇)1+1/𝑝

} (
4∥®𝑏∥1
𝜀

) 1
𝜎𝑚  . (148)

in the setting of Lemma 14 and

𝑟max = 𝑞𝑚

max
{
1, (𝑎maxΥΛ𝑇) , (𝛼(𝑝+1)comm)1/𝑝 (𝑎maxΥ𝑇)1+1/𝑝

} (
4∥®𝑏∥1
𝜀

) 1
𝜎 (𝑚−1)+𝑝  . (149)

in the setting of Lemma 15. Finally, taking the extrapolation schedule of [LKW19] and 𝑚 =

𝑂 (log(1/𝜀)) as before we can recover prior results with modified gate complexities, which we
encapsulate with the following theorem.

Theorem 38 (Gate complexities without extrapolated commutator factor). Algorithms 1, 2, 3 all
succeed at their stated tasks with complexities given in Theorems 24, 26, 28 respectively with the
replacement

(𝜆comm𝑇 (𝜀))1+1/𝑝 → (𝛼(𝑝+1)comm)1/𝑝 (𝑇 (𝜀))1+1/𝑝 + Λ𝑇 (𝜀) (150)

for each respective prescribed 𝜀.

8 Doubly Randomized Extrapolation Trotterization
In this section we demonstrate how to integrate our Randomized Extrapolation Trotterization
scheme with the partial randomization ideas introduced in in [Gün+25]. This ultimately allows us
to construct a gate depth that interpolates between the gate depth of Randomized Extrapolation
Trotterization and the randomized compilation of [WBC22].

8.1 Matrix decompositions with long tails
As in [Gün+25], we presume ability to adopt a Hamiltonian decomposition

𝐻 =

Γ𝐴∑︁
𝑙=1

𝐻𝑙︸︷︷︸
𝐻𝐴

+
Γ𝐵∑︁
𝑚=1

ℎ𝑚𝑃𝑚︸     ︷︷     ︸
𝐻𝐵

, (151)
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where 𝐻𝑙 are generic Hermitian operators (each assumed as before to be simulable in 𝑂 (1) depth),
and 𝑃𝑚 are Pauli operators (or more generally, Hermitian unitaries). The idea will be to compile 𝐻𝐴

via Randomized Extrapolation Trotterization and 𝐻𝐵 is simulated via the randomized compiler of
[WBC22].

This decomposition will be especially useful if it is the case that

Λ𝐵 :=
𝑀∑︁
𝑚=1
|ℎ𝑚 | ≪ Λ, and Γ𝐴 ≪ 𝐿, (152)

where Λ =
∑Γ𝐴
𝑙=1 ∥𝐻𝑙 ∥ +

∑𝑀
𝑚=1 |ℎ𝑚 | is the total 1-norm of 𝐻 and 𝐿 = Γ𝐴 + Γ𝐵. This is the case when

the majority of the weight of the matrix is concentrated on very few terms in 𝐻𝐴, i.e. if 𝐻 has a
long tail. We remark that this feature of matrices is already exploited by the randomized compiler
of [WBC22] which avoids dependence on 𝐿 (see Table 1) – partial randomization will allow us to
exploit long-tailed matrices even more effectively.

Before we introduce how we use the core idea from partial randomization to add an extra
randomization loop to Randomized Extrapolation Trotterization, we share a useful lemma that
allows us to estimate time evolution operator as a linear combination of random unitaries. This is
the core lemma that the partial randomization approach exploits.

Lemma 39 (Random Compiler Lemma, adapted from [WBC22] Lemma 2). Let 𝐻𝐵 =
∑
𝑘 ℎ𝑘𝑃𝑘 be

a Hermitian operator, where 𝑃2
𝑘
= 𝐼 and ℎ𝑘 ∈ R for all 𝑘 . Define Λ𝐵 :=

∑
𝑘 |ℎ𝑘 |. Then, for any time

𝑡 > 0 there exists a decomposition

𝑒−𝑖𝐻𝐵𝑡 = 𝛽(𝑡, 𝑑)
∑︁
𝑗∈Z+

𝑝 𝑗 (𝑡, 𝑑)𝑈 𝑗 (𝑡, 𝑑), (153)

where:

• {𝑝 𝑗 (𝑡, 𝑑)} 𝑗 is an (efficiently computable) probability distribution.

• Each𝑈 𝑗 (𝑡, 𝑑) is a sequence of quantum gates with tuneable non-Clifford depth 𝑑.

• The normalization factor 𝛽(𝑡, 𝑑) is efficiently computable and satisfies 𝛽(𝑡, 𝑑) = 𝑂 (exp(Λ2𝑡2/𝑑)).

Each𝑈 𝑗 (𝑡, 𝑑) contains 𝑂 (𝑑) Pauli rotations interleaved with layers of 𝑂 ( 𝑗) Pauli matrices. In
practice, the Pauli matrices can be classically compiled together in 𝑂 ( 𝑗𝑛) time, and so the quantum
gate depth can be taken to be 𝑂 (𝑑). In order to deal with the infinite sum, Wan et al. demonstrate
that the sum can be truncated with error 𝜀 for truncation order scaling logarithmically in 1/𝜀 and
other problem parameters. Thus, the classical complexity remains efficient for a small controllable
error, which we hereon disregard for simplicity.

8.2 Algorithm and analysis
We now describe how to integrate Randomized Extrapolation Trotterization with partially randomized
product formulae, and show that similar to standalone Randomized Extrapolation Trotterization, this
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improves the error scaling from 𝜀−1/𝑝 to log(1/𝜀), whilst giving a new potentially advantageous
scaling with respect to Hamiltonian parameters.

We denote the partially randomized product formula S𝑝 (𝑡) corresponding to the Γ𝐴 + 1 term
decomposition of the Hamiltonian 𝐻 into {𝐻𝑙}𝐿𝐴𝑙=1 ∪ {𝐻𝐵}. For instance, we can write the first-order
formula as

S1(𝑡) =
(
Γ𝐴∏
𝑙=1

𝑒−𝑖𝐻𝑙𝑡
)
𝑒−𝑖𝐻𝐵𝑡 , (154)

for Trotter time step 𝑡. This will be a helpful mathematical construction and we remark so far we are
lacking a full prescription of how to implement this unitary as 𝐻𝐵 contains many terms. Similar to
our constructions in Section 3.2, we also define the 𝑚-term Richardson extrapolated approximation
of the full evolution as

S (𝑅)𝑝,𝑚 (𝑇) :=
𝑚∑︁
𝑘=1

𝑏𝑘 S1/𝑠𝑘
𝑝 (𝑠𝑘𝑇), (155)

for any extrapolation schedule 𝑅 = {𝑏𝑘 , 𝑞𝑘 }𝑚𝑘=1.
Our strategy will be to on one side use Randomized Extrapolation Trotterization to control

the error associated with the decomposition leading to product formula S𝑝 (𝑡) leading to some
contribution of extrapolated Trotter error plus statistical error. On the other side, we compile
each instance of the operator 𝑒−𝑖𝐻𝐵𝑡 using the random compiler lemma (Lemma 39) incurring only
statistical error. By performing one randomized compilation all at once, the statistical error is
essentially shared.

We present an explicit algorithm for our warm-up problem of estimating time signals in Algorithm
4, which we focus on to highlight the new mechanism. Algorithms for all our other tasks and ensuing
corresponding analysis follow in the same way.

Let us first take a moment to parse what Algorithm 4 is doing. We randomly compile according
to Randomized Extrapolation Trotterization as before (first for loop) – that is, we collect Hadamard
test data from randomly selected product formulae – with one modification. Now, when an operator
𝑒−𝑖𝐻𝐵𝑡 appears in the product formula, we randomly select a 𝑈 𝑗 (𝑡, 𝑑) drawn from the probability
distribution in Lemma 39. This is done independently for each instance of an operator of the form
𝑒−𝑖𝐻𝐵𝑡 appearing in the product formula (second for loop), and facilities random compilation of
each 𝑒−𝑖𝐻𝐵𝑡 . In the following theorem we demonstrate the required complexities for the algorithm to
succeed.
Theorem 40 (Doubly Randomized Extrapolation Trotterization for time signals). Consider a matrix
𝐻 ∈ C2𝑛×2𝑛 decomposed as 𝐻 = 𝐻𝐴 +𝐻𝐵 as in Eq. (151). Let 𝜆̃comm be the extrapolated commutator
factor (as in Definition 3) corresponding to the decomposition of 𝐻 into {𝐻𝑙}𝐿𝐴𝑙=1 ∪ 𝐻𝐵. Then, using
Algorithm 4 we can obtain an 𝜀-additive approximation to Tr[𝜌𝑒−𝑖𝐻𝑇 ] with the following resources:

• Circuit samples:

𝐶sample = 𝑂

(
(log log(1/𝜀))2

𝜀2 log
(
1
𝛿

))
,

• Gate depth (per circuit):

𝐶gate = 𝑂
(
Γ𝐴 (𝑎maxΥ𝜆̃comm𝑇)1+

1
𝑝 log (1/𝜀) + Λ2

𝐵𝑇
2
)
.
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Algorithm 4 Doubly Randomized Extrapolation Trotterization for time signal Tr[𝜌𝑒−𝑖𝐻𝑇 ]
Input: Hamiltonian 𝐻 = 𝐻𝐴 + 𝐻𝐵 of the form in Eq. (151), Richardson extrapolation schedule

𝑅 = {𝑏𝑘 , 𝑞𝑘 }𝑚𝑘=1; base Trotter step number 1/𝑠; input state 𝜌 with efficient preparation; product
formula S(𝑡) with Υ stages consisting of evolution of 𝐻𝐵 for times {𝑎𝜈𝑡}Υ𝜈 .

1: Classical preprocessing: Compute the 𝑚Υ + 1 probability distributions:{
|𝑏𝑘 | /∥®𝑏∥1

}
𝑘
,
{
{𝑝 𝑗 (𝑎𝜈𝑠𝑘𝑇,Λ2

𝐵𝑇
2/𝑠𝑘 )} 𝑗

}
𝑘,𝜈

for 𝑘 = 1, . . . , 𝑚 , 𝜈 = 1, . . . ,Υ

2: for 𝑖 = 1 to 𝑀 do
3: Sample index 𝑘′ from the distribution {|𝑏𝑘 |/∥®𝑏∥1}𝑘 .
4: Take 𝑠𝑘 ′ ← 𝑠/𝑞𝑘 ′ , 𝑑𝑘 ′ ← Λ2

𝐵
𝑇2𝑠𝑘 ′ .

5: for 𝑢 = 1 to 1/𝑠𝑘 ′ do
6: Sample index 𝑗𝜈,𝑢 from distribution {𝑝 𝑗 (𝑎𝜈𝑠𝑘 ′𝑇, 𝑑𝑘 ′)} 𝑗 for each 𝜈 ∈ [Υ] .
7: Take S𝑢 (𝑠𝑘 ′𝑇) ← S(𝑠𝑘 ′𝑇) with each exp(−𝑖𝐻𝑎𝜈𝑡𝑘 ′) replaced with𝑈 𝑗𝜈,𝑢 (𝑎𝜈𝑠𝑘 ′𝑇, 𝑑𝑘 ′) .
8: end for
9: Prepare Hadamard test circuits corresponding to:

Re
[
Tr[𝜌Π1/𝑠𝑘′

𝑢=1 S𝑢 (𝑠𝑘 ′𝑇)]
]
, Im

[
Tr[𝜌Π1/𝑠𝑘′

𝑢=1 S𝑢 (𝑠𝑘 ′𝑇)]
]
,

collect one measurement outcome (single-shot statistic) from each circuit
(
𝑋
(𝑖)
Re , 𝑋

(𝑖)
Im

)
.

10: Take 𝑋 (𝑖) ← 𝑋
(𝑖)
Re + 𝑖 · 𝑋

(𝑖)
Im .

11: Take 𝑌 (𝑖) ← 𝑋 (𝑖) · sign(𝑏𝑘𝑖 ) · ∥®𝑏∥1 ·
∏1/𝑠𝑘′
𝑢=1

∏Υ
𝜈=1 𝛽(𝑎𝜈𝑠𝑘 ′𝑇, 𝑑𝑘 ′) .

12: end for
13: Return: 𝑌𝑀 ← the mean of {𝑌 (𝑖)}𝑖 .

• Classical preprocessing time:

𝐶pre = 𝑂 (polylog(1/𝜀)) ,

and each circuit uses 𝑛 + 1 qubits.

Proof. Let 𝑌𝑀 denote the empirical estimate returned by Algorithm 4 after 𝑀 samples. We start by
verifying the expectation value of this estimator corresponds to the Richardson extrapolated product
formula:

E[𝑌𝑁 ] = E[𝑌 (𝑖)] =
𝑚∑︁
𝑘=1

|𝑏𝑘 |
∥ ®𝑏∥1

E
[ 1/𝑠𝑘∏
𝑢=1

Υ∏
𝜈=1

𝛽(𝑎𝜈𝑠𝑘𝑇, 𝑑𝑘 ) sign(𝑏𝑘 ) · ∥®𝑏∥1 · 𝑋 (𝑖)
]

(156)

=

𝑚∑︁
𝑘=1

𝑏𝑘E
[ 1/𝑠𝑘∏
𝑢=1

Υ∏
𝜈=1

𝛽(𝑎𝜈𝑠𝑘𝑇, 𝑑𝑘 ) 𝑋 (𝑖)
]

(157)
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=

𝑚∑︁
𝑘=1

𝑏𝑘

1/𝑠𝑘∏
𝑢=1

Υ∏
𝜈=1

𝛽(𝑎𝜈𝑠𝑘𝑇, 𝑑𝑘 ) E
[
𝑋 (𝑖)] (158)

=

𝑚∑︁
𝑘=1

𝑏𝑘

1/𝑠𝑘∏
𝑢=1

Υ∏
𝜈=1

𝛽(𝑎𝜈𝑠𝑘 ′𝑇, 𝑑𝑘 ′) E
[

Tr[𝜌Π1/𝑠𝑘′
𝑢=1 S𝑢 (𝑠𝑘 ′𝑇)]

]
(159)

=

𝑚∑︁
𝑘=1

𝑏𝑘Tr
[
𝜌S(𝑠𝑘𝑇)

]
(160)

= Tr
[
𝜌S (𝑅)𝑝,𝑚 (𝑇)

]
(161)

where in the first line we have explicitly written out the expectation value over product formulae, in
the third line we use the fact that each draw in the second for loop in Algorithm 4 is independent, in
the fourth line we have taken the expectation value over circuit measurement outcomes, in the fifth
line we have used Lemma 39, and in the final line follows from the definition of the extrapolated
product formula S (𝑅)𝑝,𝑚 (𝑇).

As in prior analyses, we decompose the total error contributions into statistical error 𝜀𝑆 and
Richardson extrapolation error 𝜀𝑅:��Tr[𝑌𝑀 − 𝜌𝑒−𝑖𝐻𝑇 ]

�� ≤ ���𝑌𝑀 − Tr
[
𝜌S (𝑅)𝑝,𝑚 (𝑇)

] ���︸                      ︷︷                      ︸
𝜀S

+
���Tr

[
𝜌S (𝑅)𝑝,𝑚 (𝑇)

]
− Tr

[
𝜌𝑒−𝑖𝐻𝑇

] ���︸                                   ︷︷                                   ︸
𝜀R

. (162)

To guarantee overall error at most 𝜀, it is sufficient to ask for 𝜀S, 𝜀R ≤ 𝜀/2.
Extrapolation error. By Lemma 18, the extrapolation can be constrained as 𝜀R ≤ 𝜀/2 if 𝑠 is

chosen such that each constituent product formula in S (𝑅)𝑝,𝑚 (𝑇) uses 𝑟𝑘 ≤ 𝑟max Trotter steps, where

𝑟max = 𝑂

(
(𝑎maxΥ𝜆̃comm𝑇)1+

1
𝑝 log (1/𝜀)

)
.

Given a 𝑝 = 𝑂 (1) product formula, each Trotter step consists of 𝑂 (Γ𝐴) terms, of which 𝑂 (1)
terms are operators of the form 𝑂 (𝑒−𝑖𝐻𝐵𝑡𝑘 ) where 𝑡𝑘 = 𝑂 (𝑇/𝑟𝑘 ), and all remaining terms are each
implementable in 𝑂 (1) time based on our starting assumptions (see Definition 1).

Sample Complexity. Now let us consider the set of parameters specified in Algorithm 4. We see
that each instance of our estimator has size

|𝑌 (𝑖) | ≤ 2∥®𝑏∥1 ·
1/𝑠𝑘′∏
𝑢=1

Υ∏
𝜈=1

𝛽(𝑎𝜈𝑠𝑘 ′𝑇) (163)

where 𝛽(𝑎𝜈𝑠𝑘 ′𝑇, 𝑑𝑘 ) ≤ exp
(
Λ2
𝐵
(𝑎𝜈𝑠𝑘′𝑇)2
𝑑𝑘

)
= exp(𝑎𝜈𝑠𝑘 ). Thus, |𝑌 (𝑖) | = 𝑂 (∥®𝑏∥1) as we assume that

𝑝,Υ = 𝑂 (1). Our random variable has bounded size, and the stated sample complexity is given by
Hoeffding’s inequality, where we have used the fact from Lemma 17 that ∥®𝑏∥1 = 𝑂 (log log(1/𝜀𝑅)) =
𝑂 (log log(1/𝜀)).

Gate complexity. For a given Trotter step size 𝑠𝑘𝑇 chosen in one iteration of the Randomized
Extrapolation Trotterization, the gate depth per Trotter step implemented is 𝑂 (Γ𝐴 + 𝑑𝑘 ) = 𝑂 (Γ𝐴 +
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Λ2
𝐵
𝑇2𝑠𝑘 ), and thus the total gate depth is 𝑂 (Γ𝐴/𝑠𝑘 + 𝑑𝑘 ) = 𝑂 (Γ𝐴𝑟𝑘 + Λ2

𝐵
𝑇2). The worst-case gate

depth we state comes from substituting in our expression for 𝑟max. □

We observe that the sample complexity and classical preprocessing cost are (asymptotically)
unchanged from our core Randomized Extrapolation Trotterization.

Let us now focus on the new extrapolated commutator factor 𝜆̃comm. Note that in this setting we
are explicitly presuming that we have chosen a distinct matrix decomposition and accompany product
formula S𝑝 (𝑡) we chose has a different commutator factor 𝛼̃comm, compared to a conventional
choice (denoted as P𝑝 and 𝛼comm elsewhere in this manuscript) where each element of the matrix
decomposition is efficiently evolvable. This introduces a new 𝜆̃comm which characterizes the
complexity of our doubly Randomized Extrapolation Trotterization. For certain problems it may be
that 𝛼̃comm can be efficiently and strongly bounded, and indeed one may be able to make a smart
choice of 𝐻𝐵 to exploit such a bound and obtain refined complexity guarantees. Alternatively, the
fact that 𝐻𝐵 appears in 𝛼̃comm makes it different to analyze. In the following lemma we demonstrate
a worst-case bound which is always available, relating 𝜆̃comm to the extrapolated commutator factor
of a conventional decomposition 𝜆̃comm.

Lemma 41 (Relation between extrapolated commutator factors). Consider a partition 𝐻 = 𝐻𝐴 +𝐻𝐵,
where 𝐻𝐴 =

∑
𝛾∈𝑆𝐴 𝐻𝛾 and 𝐻𝐵 =

∑
𝛾∈𝑆𝐵 𝐻𝛾 is any decomposition of 𝐻𝐵. Let 𝛼comm be the

commutator factor corresponding to decomposition 𝐻 =
∑
𝛾∈𝑆𝐴∪𝑆𝐵 𝐻𝛾, and let 𝛼̃comm be the

commutator factor corresponding to decomposition 𝐻 =
∑
𝑖∈𝑆𝐴∪{𝐵} 𝐻𝛾. Finally, let 𝜆comm and

𝜆̃comm be the corresponding respected extrapolated commutator factors constructed as in Definition
3. We have

𝜆̃comm ≤ 𝜆comm.

Proof. We compare the commutator factors 𝛼̃( 𝑗)comm and 𝛼( 𝑗)comm for fixed order 𝑗 . We have

𝛼̃
( 𝑗)
comm :=

∑︁
𝛾1,...,𝛾 𝑗∈𝑆𝐴∪𝐵



[𝐻𝛾1 , , . . . , 𝐻𝛾 𝑗 ]


 . (164)

We now consider any arbitrary term in the above sum that contains 𝐻𝐵. We have

[𝐻𝛾1 , , . . . , 𝐻𝐵, . . . , 𝐻𝛾 𝑗 ]


 = 


[𝐻𝛾1 , , . . . ,

∑︁
𝛾′∈𝑆𝐵

𝐻𝛾′ , . . . , 𝐻𝛾 𝑗
]


 (165)

=




 ∑︁
𝛾′∈𝑆𝐵

[
𝐻𝛾1 , , . . . , 𝐻𝛾′ , . . . , 𝐻𝛾 𝑗

]


 (166)

≤
∑︁
𝛾′∈𝑆𝐵




[𝐻𝛾1 , , . . . , 𝐻𝛾′ , . . . , 𝐻𝛾 𝑗
]


 , (167)

where the second equality is due to the bilinearity of the commutator, and the inequality is an
application of the triangle inequality.

From this, all instances of 𝐻𝐵 can be unfurled and we have

𝛼̃
( 𝑗)
comm ≤

∑︁
𝛾1,...,𝛾 𝑗∈𝑆𝐴∪𝑆𝐵



[𝐻𝛾1 , , . . . , 𝐻𝛾 𝑗 ]


 = 𝛼( 𝑗)comm. (168)
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As 𝜆̃comm is an increasing function in all commutator factors 𝛼̃( 𝑗)comm, it follows that 𝜆̃comm ≤ 𝜆comm
as required. □

We remark that the above lemma is agnostic to the choice of decomposition of 𝐻𝐵. Thus,
whilst the Pauli decomposition in Eq. (151) is chosen for algorithmic implementation, any other
decomposition can be used for analytical analysis.

We can put together the same methodology as in Algorithm 4 and analysis in Theorem 40 and
Lemma 41 for all of Tasks 1-2 to obtain refined complexities.

Theorem 42 (Doubly Randomized Extrapolation Trotterization). For a matrix decomposed as in
Eq. (151), Algorithms 1, 2, 3 all succeed at their stated tasks with complexities given in Theorems
24, 26, 28 respectively with the replacement to the gate depth

𝐿 (𝜆comm𝑇 (𝜀))1+1/𝑝 log(1/𝜀′) → Γ𝐴 (𝜆comm𝑇 (𝜀))1+1/𝑝 log(1/𝜀′) + Λ2
𝐵𝑇

2(𝜀) (169)

for each respective prescribed 𝜀, 𝜀′ in each theorem.

9 Application: ground state energy estimation
In this section, we explore a method for ground state energy estimation (sometimes also referred
to as phase estimation) that involves computing the cumulative distribution function (CDF) of the
eigenvalue spectrum of a Hamiltonian 𝐻. This core idea was first introduced by Lin and Tong in
[LT22] and studied further in [WBC22]. We will see that this procedure is an instance of Task
1(i). We start this section by providing a self-contained exposition of the CDF approach to ground
state energy estimation. Readers interested in skipping ahead to algorithm complexities can go to
Theorem 48, and we recall a complexity comparison is given in Table 3.

Our primary quantity of interest, the eigenvalue CDF associated with 𝐻, can be formulated
using the Heaviside step function which we approximate via a Fourier series expansion over the
interval [−𝜋, 𝜋]. Consequently, it is necessary to rescale the Hamiltonian such that its spectrum lies
within this interval. We define the normalized Hamiltonian as 𝐻̂ := 𝜅𝐻, where the scaling factor 𝜅
will be specified later. Throughout this section, we assume the existence of a known upper bound 𝐾̂
on the spectral norm of 𝐻, meaning 𝐾̂ ≥ ∥𝐻∥. The CDF can be expressed as

𝐶 (𝑥) = (𝑝 ∗ Θ) (𝑥) = Tr[𝜌Θ(𝑥𝐼 − 𝜅𝐻)] =
∑︁
𝑥≥𝜅𝐸𝑖

Tr[𝜌Π𝑖] , (170)

where Θ(𝑥) is the Heaviside step function, 𝑝(𝑥) = ∑
𝑖 Tr[𝜌Π𝑖] 𝛿(𝑥 − 𝜅𝐸𝑖) represents the probability

density function corresponding to 𝜌 and the normalized Hamiltonian 𝐻̂, and ∗ denotes convolution.
Here, Π𝑖 is the projector onto the eigenspace associated with the 𝑖-th eigenvalue of 𝐻, arranged in
increasing order. We also define 𝜂 = Tr[𝜌Π0] as the overlap between the ground state and the ansatz
state.

When generalized to generic functions, we see that Eq. (170) gives a useful perspective on the
state overlap (Task 1(i))) – the state overlap with 𝑓 (𝐻) can be thought of as a value of the convolution
of the probability density function of 𝜌 with 𝑓 – it can be used to extract spectral properties of 𝐻
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with reference to a probe state 𝜌. Further, when we consider Fourier series approximations, we will
see that the offset of the spectrum by 𝑥 can be inconsequentially treated as a phase shift to be kept
track of classically.

9.1 Heaviside approximation and approximate CDF construction
In order to enable us to use Algorithm 1, we first present a useful Fourier series approximation to
the Heaviside function valid in the domain [−𝜋, 𝜋].

Lemma 43 (Heaviside function Fourier approximation ([WBC22], Lemma 1)). There exists a
Fourier series Θ̃(𝑥) = ∑

𝑗∈𝑆 Θ̃ 𝑗𝑒
𝑖 𝑗𝑥 with 𝑆 := {0} ∪ {±(2 𝑗 + 1)}𝑑

𝑗=0, maximum “time” parameter
𝑑 = 𝑂 (𝑢−1 log

(
𝜀−1
𝐹

)
), Fourier approximation parameter 𝜀𝐹 , and 𝑢 ∈ [0, 𝜋/2] serves as a resolution

parameter. This Fourier series satisfies

1. Approximation guarantee: |Θ̃(𝑥) − Θ(𝑥) | ≤ 𝜀𝐹 ∀𝑥 ∈ [−𝜋 + 𝑢,−𝑢] ∪ [𝑢, 𝜋 − 𝑢],

2. Bounded maximum value: −𝜀𝐹 ≤ |Θ̃(𝑥) | ≤ 1 + 𝜀𝐹 ∀𝑥 ∈ R,

3. Bounded size of coefficients: ∥Θ̃∥1 :=
∑
𝑗∈𝑆1 |Θ̃ 𝑗 | = 𝑂 (log 𝑑) .

We use this Fourier series to construct an approximate CDF which we denote as

𝐶 (𝑥) = (𝑝 ∗ Θ) (𝑥) =
∑︁
𝑗∈𝑆

Θ̃ 𝑗

∫ 𝜋

−𝜋
𝑝(𝑦)𝑒𝑖 𝑗 (𝑥−𝑦)d𝑦 =

∑︁
𝑗∈𝑆

Θ̃ 𝑗𝑒
𝑖 𝑗𝑥 Tr

[
𝜌𝑒−𝑖 𝑗 𝜅𝐻

]
= Tr[𝜌Θ̃(𝑥𝐼 − 𝜅𝐻)] .

(171)

The following lemma ensures that this Fourier approximation gives a reasonable approximation
to our desired cumulative distribution function.

Lemma 44 (Approximation to CDF from Fourier series, adapted from [WBC22] Proposition 12).
Take Θ̃(𝑥) from Lemma 43, and set 𝜅 = 𝜋−𝑢

2𝐾̂ . Then, the quantity 𝐶 (𝑥) = Tr[𝜌Θ̃(𝑥𝐼 − 𝜅𝐻)] satisfies

𝐶 (𝑥 − 𝑢) − 𝜀𝐹 ≤ 𝐶 (𝑥) ≤ 𝐶 (𝑥 + 𝑢) + 𝜀𝐹 . (172)

We observe that the probability density function is defined over an interval contained within
[−𝜅𝐾̂, 𝜅𝐾̂], which for the sake of the above lemma is [−1

2 (𝜋 − 𝑢),
1
2 (𝜋 − 𝑢)]. This choice of support

is necessary to guarantee the error bounds established in Eq. (172). From this point onward, we
fix the normalization factor as 𝜅 = 𝜋−𝑢

2𝐾̂ as above to ensure that this lemma remains applicable
throughout our analysis.

Now, we demonstrate that the ground state energy can be characterized by a condition on the
approximate CDF, allowing us to use the approximate CDF as a tool to determine the ground state
energy. The key idea is that the exact CDF 𝐶 (𝑥) marks the ground state energy by the smallest value
of 𝑥 for which the CDF is non-zero (at the ground state energy, the CDF takes value ≥ 𝜂). The story
is similar with the approximate CDF, within the resolution of the approximation. The contents of
the following lemma are essentially identical to the analysis in [LT22].
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Lemma 45. Suppose we have an algorithm to approximate 𝐶 (𝑥) to precision 𝜂/8 for some
0 < 𝑢 < 𝜋/2, 𝜀𝐹 = 𝜂/8 and for any 𝑥 ∈ [−𝜋/2, 𝜋/2]. Then we may determine whether

𝐶 (𝑥 + 𝑢) > 𝜂/2 or 𝐶 (𝑥 − 𝑢) < 𝜂 . (173)

Suppose further that we locate an 𝑥∗ that simultaneously satisfies both conditions. Then, we have
that

|𝑥∗/𝜅 − 𝐸0 | ≤ 𝑢/𝜅 , (174)

i.e., we have an additive estimate to the ground state energy 𝐸0.

Proof. We use the algorithm to determine whether 𝐶 (𝑥) > 3𝜂/4 or not. Within the specified
precision, we can guarantee either

𝐶 (𝑥) > (5/8)𝜂 or 𝐶 (𝑥) < (7/8)𝜂 , (175)

which respectively implies either 𝐶 (𝑥 + 𝑢) > 𝜂/2 or 𝐶 (𝑥 − 𝑢) < 𝜂 respectively by use of Lemma 44,
and we have satisfied the first claim. Now we suppose both conditions are simultaneously satisfied
for some 𝑥∗. We recall that 𝜂 ≤ Tr[Π0𝜌] lower bounds the ground space overlap. We additionally
note that the exact CDF 𝐶 (𝑥) cannot take values in (0,Tr[Π0𝜌]) ⊇ (0, 𝜂) and so we have that

𝐶 (𝑥∗ + 𝑢) ≥ 𝜂 , 𝐶 (𝑥∗ − 𝑢) = 0 , (176)
=⇒ 𝑥∗ + 𝑢 ≥ 𝜅𝐸0 , 𝑥∗ − 𝑢 < 𝜅𝐸0 . (177)

Thus, |𝑥∗ − 𝜅𝐸0 | ≤ 𝑢. □

9.2 Binary search for the ground state energy
Next we present an algorithm and lemma showing that the search algorithm can locate 𝑥∗ using only
a logarithmic number of queries to the approximate CDF 𝐶 (𝑥).

Lemma 46 (Binary search with approximate CDF). Suppose that we have an algorithm 𝐴(𝑥, 𝑢̃, 𝜀̃, 𝛿̃)
which evaluates 𝐶 (𝑥) for any 𝑥 to additive error 𝜀̃ and success probability at least (1 − 𝛿̃), for
𝜀𝐹 = 𝜂/8 and some resolution parameter 𝑢̃ ∈ [0, 𝜋/2]. Then, the ground state energy can be found
to additive precision 𝑢/𝜅 and success probability at least (1 − 𝛿) by running 𝐴(𝑥, 0.9𝑢, 𝜂/8, 𝛿/𝐿)
at 𝐿 = 𝑂 (log(1/𝑢)) different values of 𝑥.

Proof. The contents of [LT22, Section 5] prove this statement, but we present it here for completeness.
We see from Lemma 45 that setting 𝜀̃ = 𝜂/8 allows us to determine the criterion (173) (with some
success probability to be later addressed and some resolution parameter). We first show how to use
this to search for 𝑥∗, before discussing how to tune the success probability. The search procedure
operates by finding successively tighter upper and lower bounds to 𝑥∗. Set

𝑥0,0 = −𝜋/2, 𝑥1,0 = 𝜋/2 , (178)

where we have that 𝐶 (𝑥0,0) < 𝜂 and 𝐶 (𝑥1,0) > 𝜂/2. We now specify an update rule to generate
(𝐶 (𝑥0,ℓ), 𝐶 (𝑥1,ℓ)) that have decreasing separation for increasing ℓ, but still satisfy 𝐶 (𝑥0,ℓ) < 𝜂 and
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𝐶 (𝑥1,ℓ) > 𝜂/2 (recall that as 𝐶 (𝑥) cannot take values in (0, 𝜂), we have 𝑥0,ℓ ≤ 𝑥∗ ≤ 𝑥1,ℓ). For all
ℓ ≥ 0 until termination, first construct 𝑥ℓ = (𝑥0,ℓ + 𝑥1,ℓ)/2. Second, run 𝐴(𝑥ℓ, 0.9𝑢, 𝜂/8, 𝛿̃) (note
the prefactor 0.9 for the resolution parameter can be arbitrarily chosen to any number smaller than
1). Due to (173) this determines whether (i): 𝐶 (𝑥ℓ + 0.9𝑢) > 𝜂/2 or (ii): 𝐶 (𝑥ℓ − 0.9𝑢) < 𝜂. We
now apply the following update rule based on the outcome

(i) : 𝑥0,ℓ+1 = 𝑥0,ℓ , 𝑥1,ℓ+1 = 𝑥ℓ + 0.9𝑢 , (179)
(ii) : 𝑥0,ℓ+1 = 𝑥ℓ − 0.9𝑢 , 𝑥1,ℓ+1 = 𝑥1,ℓ , (180)

and it is simple to check that the conditions 𝐶 (𝑥0,ℓ) < 𝜂 and 𝐶 (𝑥1,ℓ) > 𝜂/2 are satisfied, and that the
separation 𝑥1,ℓ − 𝑥0,ℓ is decreasing with increasing ℓ so long as 𝑥1,ℓ − 𝑥0,ℓ ≥ 1.8𝑢. We terminate the
procedure at step 𝐿 when 𝑥1,ℓ − 𝑥0,ℓ ≤ 2𝑢, as this implies that |𝑥𝐿 − 𝜅𝐸0 | ≤ 𝑢. Then, 𝑥𝐿/𝜅 satisfies
our desired approximation of the ground state energy 𝐸0. One can check that the separation satisfies

𝑥1,ℓ − 𝑥0,ℓ =
𝜋 − 1.8𝑢

2ℓ
+ 1.8𝑢 , (181)

and thus 𝐿 = 𝑂 (log(1/𝑢)) evaluations of 𝐴(𝑥ℓ, 0.9𝑢, 𝜂/8, 𝛿̃) are sufficient.
Finally, let us determine a sufficient success probability 𝛿̃ for the algorithm that evaluates𝐶 (𝑥). If

each use of 𝐴(𝑥ℓ, 0.9𝑢, 𝜂/8, 𝛿̃) fails with probability at most 𝛿̃, then in 𝐿 uses the failure probability
is at most 𝐿𝛿̃. Our stated claim follows by requiring that this equals our desired overall failure
probability 𝐿𝛿̃ = 𝛿. □

Our last piece to construct a full phase estimation algorithm is to specify the algorithm 𝐴(𝑥, 𝑢̃, 𝜀̃, 𝛿̃)
to evaluate 𝐶 (𝑥). We observe that 𝐶 (𝑥) can be estimated statistically via our Algorithm 1, where
the relevant function is the Heaviside function Θ. For this algorithm we use the LKW extrapolation
strategy of Lemma 17, and thus are able to import the analysis of Theorem 24. Whilst the translation
to the Heaviside function is direct, we display the full algorithm pseudocode here for clarity.

Algorithm 5 Estimation of approximate CDF via Fourier–Heaviside Expansion

1: Classical preprocessing: Compute distribution
{
|Θ̃ 𝑗𝑏𝑘 |
G

}
𝑗 ,𝑘

where G =
∑
𝑗 ,𝑘 |Θ̃ 𝑗𝑏𝑘 |

2: for 𝑖 = 1 to Csample do
3: Sample ( 𝑗 ′, 𝑘′) from distribution, 𝑇 ← 𝜅 · 𝑗 ′
4: Prepare Hadamard tests corresponding to:

Re[Tr(𝜌P1/𝑠𝑘′ (𝑠𝑘 ′𝑇))] Im[Tr(𝜌P1/𝑠𝑘′ (𝑠𝑘 ′𝑇))]

5: (𝑋 (𝑘
′)

Re , 𝑋
(𝑘 ′)
Im ) ← one measurement statistic from each circuit; set 𝑍 (𝑖) = 𝑋 (𝑘

′)
Re + 𝑖𝑋

(𝑘 ′)
Im

6: 𝐶 (𝑖) ← ∥®𝑏∥1 · ∥Θ̃∥1 · sign(𝑏𝑘 ′Θ̃ 𝑗 ′) · 𝑒𝑖 𝑗
′𝑥 · 𝑍 (𝑖)

7: end for
8: Return: Mean of 𝐶 (𝑖) over Csample values.
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As before with Algorithm 1, the repeating subroutine of this algorithm is structured into two
main parts: a quantum component (Step 4) followed by classical post-processing (Step 6). While we
may be tempted to rerun Algorithm 5 in its entirety to instantiate 𝐴(𝑥, 𝑢̃, 𝜀̃, 𝛿̃) at each desired value
of 𝑥, it is useful to note that the quantum step does not need to be repeated for each 𝑥. Instead, we can
run the quantum step once, record its outcomes, and then apply different classical post-processing
(Step 6) corresponding to each desired 𝑥. As a result, obtaining outputs for 𝐿 different values of 𝑥
requires only a single round of quantum measurements, with all additional computation handled
classically. Let us now analyze the complexity of running Algorithm 1 for our purposes.

Lemma 47 (Approximate CDF estimation). Algorithm 5 implements the procedure 𝐴(𝑥, 𝑢̃, 𝜀̃, 𝛿̃),
preparing a 𝜀̃-additive approximation to the approximate CDF 𝐶 (𝑥), with Fourier parameters 𝑢 = 𝑢̃

and 𝜀𝐹 = 𝜂/8. The algorithm has success probability at least 1 − 𝛿̃ using the following resources:

Cgate = 𝑂

(
Γ

(
𝑎maxΥ𝜆comm𝜅𝑢̃

−1 log(𝜂−1)
)1+1/𝑝

· log
(
𝜀̃−1 log

(
𝑢̃−1 log(𝜂−1)

) ))
, (182)

Csample = 𝑂

( (
log log(𝜀̃−1) · log(𝑢̃−1 log(𝜂−1))

)2

𝜀̃2 · log
(
1
𝛿̃

))
, (183)

Cpre = 𝑂

(
log

(
𝑢̃−1 log(𝜂−1)

)
log

(
log(𝑢̃−1 log(1/𝜂))

𝜂

))
. (184)

where Csample denotes the number of quantum circuit repetitions, Cgate is the maximum depth of any
individual circuit, and Cpre is the classical preprocessing cost.

Proof. Algorithm 5 is a direct instance of Algorithm 1 applied to the approximate Heaviside function
Θ̃. We call Algorithm 1 using the following parameters:

• Heaviside Fourier approximation parameters 𝑢 = 𝑢̃, 𝜀𝐹 = 𝜂/8, and 𝑑 = 𝑂 (𝑢̃−1 log(1/𝜂))

• Target precision 𝜀̃

• Failure probability upper bound 𝛿̃

Taking the notation of Section 4.2, the size of the Fourier coefficients, maximum time parameter,
and number of Fourier modes are bounded as (taking Fourier error 𝜀𝐹 = 𝜂/8)

𝑐 = ∥Θ̃∥1 = 𝑂 (log(𝑢̃−1 log(1/𝜂))) , (185)
𝑇 = 𝜅𝑑 = 𝑂 (𝜅𝑢̃−1 log(1/𝜂)) , (186)
𝐾 = 𝑑 + 1 = 𝑂 (𝑢̃−1 log(1/𝜂)) . (187)

These can be directly substituted into Theorem 24 to yield the stated results. □

Now we have established the resource costs of the approximate CDF estimation procedure
implemented by Algorithm 5, we can write down the complexity of our full algorithm for ground
state energy estimation.
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Theorem 48 (Ground state energy estimation). The ground state energy estimation problem can be
solved to precision 𝜀 and with success probability at least (1 − 𝛿) using the above algorithm with
resources

Cgate = 𝑂

(
ΓΥ

(
𝑎maxΥ𝜆comm

𝜀

)1+1/𝑝 (
log

1
𝜂

)2+1/𝑝
)
, (188)

Csample = 𝑂

(
1
𝜂2

(
log

( 𝐾̂
𝜀

))2
log

(1
𝛿

))
, (189)

Cpre = 𝑂

(
log

( 𝐾̂
𝜀𝜂

))
, (190)

where Csample is the number of measurement samples required from (𝑛 + 1)-qubit circuits, each with
gate depth at most Cgate, and Cpre is the classical preprocessing overhead.

Proof. We use the search algorithm outlined in Lemma 46 which makes calls to an algorithm
𝐴(𝑥, 𝑢̃, 𝜀̃, 𝛿̃) which approximately returns the approximate CDF, and use Lemma 47 to instantiate
𝐴(𝑥, 𝑢̃, 𝜀̃, 𝛿̃). Set 𝜀̃ = 𝜂/8, 𝑢̃ = 0.9𝑢, 𝛿̃ = 𝛿/𝐿 with 𝐿 = 𝑂 (log(1/𝑢)), as discussed in Lemma 46.
Further, recall from Lemma 46 that to reach additive precision 𝜀 in the ground state energy we
set 𝑢 = 𝜅𝜀, and that our CDF is defined such that 𝜅 = 𝑂 (𝐾̂−1), where 𝐾̂ is an upper bound on the
spectral norm of 𝐻 (see Lemma 44). Substituting all these parameters into Lemma 47 yields

Csample = 𝑂

( (
log log(𝜂−1) · log(𝐾̂𝜀−1 log(𝜂−1)

)2

𝜂2 log
( log(𝐾̂𝜀−1)

𝛿

))
, (191)

Cgate = 𝑂

(
Γ

(
𝑎maxΥ𝜆comm𝜀

−1 log(𝜂−1))
) (1+1/𝑝)

log(𝜂−1 log(𝐾̂𝜀−1 log(𝜂−1))
)
, (192)

Cpre = 𝑂

(
log

(
𝐾̂𝜀−1 log(𝜂−1)

)
log

(
log(𝐾̂𝜀−1 log(1/𝜂))

𝜂

))
(193)

and we simplify the expressions in 𝑂-notation in the theorem statement. □

10 Application: Green’s functions
In this section we apply our algorithm framework to the estimation of Green’s functions in the
context of many-body physics. Green’s functions capture key dynamical and spectral properties of
quantum systems, and their accurate estimation provides insights into physical properties such as
particle propagation, kinetic energy, and spectral densities.

We define the advanced and retarded Green’s function in the frequency domain (denoted as
𝐺 (+) (𝜔) and 𝐺 (−) (𝜔) respectively) as the matrix-valued functions with matrix elements

𝐺
(+)
𝑖 𝑗
(𝜔) := ⟨𝐸0 | 𝑎̂𝑖 (𝜔 − (𝐻 − 𝐸0) + 𝑖𝜂broad)−1 𝑎̂†

𝑗
|𝐸0⟩ , (194)

𝐺
(−)
𝑖 𝑗
(𝜔) := ⟨𝐸0 | 𝑎̂†𝑖 (𝜔 − (𝐻 − 𝐸0) − 𝑖𝜂broad)−1 𝑎̂ 𝑗 |𝐸0⟩ , (195)
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where 𝐸0 is the ground state energy of 𝐻, 𝜂broad is a broadening parameter that determines the
resolution of the Green’s function, and 𝑎̂†

𝑖
, 𝑎̂𝑖 are Fermionic single-particle creation and annihilation

operators. At its core, we see that there is a matrix function, sometimes called the resolvent operator

𝑅(𝜔 ± 𝑖𝜂broad, 𝐻) = (𝜔 ± 𝑖𝜂broad − 𝐻̂)−1 , (196)

which amounts to a shifted matrix inverse (we denote 𝐻̂ = (𝐻 − 𝐸0)). In the rest of this section we
will assume the ground state (or an approximation thereof) is given to us for simplicity of exposition
– this can be instantiated via a separate algorithm, or even within our matrix function framework
by considering a function that (approximately) projects some input state to the ground state. The
creation and annihilation operators can be mapped to qubit systems using standard mappings such
as the Jordan-Wigner transformation, and lead to 𝑂 (1)-depth unitaries. Thus, we see that estimation
of the quantities in Eqs. (194) and (195) correspond exactly to Task 1(i).

In order to estimate Green’s functions, we need to approximate the resolvent operator with a
Fourier series. Such approximations have conveniently already been found in prior art, and we quote
one such approximation here, originally used in the context of LCU algorithms [KDW21]. We
consider a Fourier series of the form

ℎ(𝜔 + 𝑖𝜂broad, 𝐻̂) = −𝑖
𝑁𝑐∑︁
𝑘=0

Δ𝑡 𝑒𝑖(𝜔+𝑖𝜂broad−𝐻̂)𝑘Δ𝑡 . (197)

Lemma 49 (Fourier approximation of the resolvent). ([KDW21, Theorem 3]) Let 𝐻̂ have spectrum
normalized 𝜆(𝐻̂) ⊆ [0, 1]. For any 𝜔 ∈ 𝜎(𝐻̂) and broadening parameter 𝜂broad > 0 we have

∥𝑅(𝜔 + 𝑖𝜂broad, 𝐻̂) − ℎ(𝜔 + 𝑖𝜂broad, 𝐻̂)∥ ≤ 𝜀

provided that

𝑁𝑐 = 𝑂

( 1
𝜂broad𝜀

log
1

𝜂broad𝜀

)
, Δ𝑡 = min

{𝜀
2
,

3
∥𝐻̂∥

}
= 𝑂 (𝜀).

We are now able to write down an algorithm for estimating Green’s functions using Randomized
Extrapolation Trotterization.

Theorem 50 (Green’s functions). Consider a Hamiltonian of the form in Eq. (2) with spectrum in
[0, 1]. Assuming access to the ground state |𝐸0⟩, the matrix entries to the retarded and advanced
Green’s functions in Eq. (194) and (195) can be estimated to additive error 𝜀 with success probability
at least (1 − 𝛿) using Algorithm 1 with the following complexities:

𝐶gate = 𝑂

(
ΓΥ ·

(
𝑎max Υ𝜆comm ·

1
𝜂broad

)1+ 1
𝑝 ·

(
log

1
𝜀

)2+ 1
𝑝

)
, (198)

𝐶sample = 𝑂

(
1

𝜂2
broad𝜀

2
· log

1
𝛿

)
, (199)
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𝐶pre = 𝑂

(
1

𝜂2
broad𝜀

2

)
, (200)

using circuits on (𝑛 + 1) qubits.

Proof. We use the Fourier approximation of Lemma 49. In the notation of Section 4.2, the Fourier
parameters for Fourier error 𝜀𝐹 are

𝑐(𝜀𝐹) =
𝑁𝑐∑︁
𝑘=0

Δ𝑡 = 𝑂 (𝑁𝑐Δ𝑡) = 𝑂
( 1
𝜂broad

log
1

𝜂broad𝜀𝐹

)
, (201)

𝑡max(𝜀𝐹) = 𝑁𝑐Δ𝑡 = 𝑂
( 1
𝜂broad

log
1

𝜂broad𝜀
)
,

(202)

𝐾 (𝜀𝐹) = 𝑁𝑐 = 𝑂
( 1
𝜂broad𝜀𝐹

log
1

𝜂broad𝜀𝐹

)
. (203)

We can very simply substitute these parameters into Theorem 24 to yield:

𝐶gate = 𝑂

(
ΓΥ ·

(
𝑎max Υ𝜆comm ·

1
𝜂broad

log
1

𝜂broad𝜀

)1+ 1
𝑝 · log

(
1

𝜂broad𝜀
log

1
𝜂broad𝜀

) )
, (204)

𝐶sample = 𝑂

(
1
𝜀2

(
1

𝜂broad
log

1
𝜂broad𝜀

)2 (
log log

(
1

𝜂broad𝜀
log

1
𝜂broad𝜀

))2
· log

1
𝛿

)
, (205)

𝐶pre = 𝑂

(
1

𝜂broad𝜀
log

1
𝜂broad𝜀

log
( 1
𝜂broad𝜀

log
1

𝜂broad𝜀

))
, (206)

and we simplify these expressions in 𝑂 notation in the theorem statement. □

11 Application: Time-Evolved States
Theorem 28 directly gives an application for probing the distributions of time-evolved states for
some time of interest 𝑡, that is, by considering the function 𝑓 (𝐻) = exp(−𝑖𝐻𝑡). Here the Fourier
parameters are trivial (𝑐 = 1, 𝑇 = 𝑡) and the result can be directly stated.

Theorem 51 (Distribution recovery for time-evolved states). Consider an 𝑛-qubit Hamiltonian of
the form in Definition 1 and denote its time-evolved distribution on accessible input state |𝜓⟩ as the
vector ®𝑝 with entries 𝑝 𝑗 := | ⟨ 𝑗 | 𝑒−𝑖𝐻𝑡 |𝜓⟩ |2. We give an algorithm to return ®𝑣 such that ∥®𝑣− ®𝑝∥2 ≤ 𝜀
with success probability at least (1 − 𝛿) and

• Gate depth (per sample):

𝐶gate = 𝑂
(
ΓΥ (𝑎maxΥ𝜆comm 𝑡)1+

1
𝑝 log(1/𝜀)

)
,
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• Sample complexity:

𝐶sample = 𝑂

(
(log log(1/𝜀))4

𝜀2 · log
(
1
𝛿

))
,

• Classical preprocessing time:
𝐶pre = 𝑂 (log(1/𝜀)) .

The algorithm uses 𝑛 + 1 qubits.

Let us remark now on what quality of approximation is available if one uses regular Trotter
formulae or any other conventional quantum algorithm. Conventionally, one asks for a unitary
𝑈 which approximates the unitary 𝑒−𝑖𝐻𝑡 to operator norm 𝜀, which corresponds to a probability
distribution that approximates the true probability distribution ℓ1-norm error 𝑂 (𝜀). However, in
practice one must sample to estimate the probability distribution corresponding to𝑈. This incurs
statistical noise, and it is not possible to obtain an 𝜀 ℓ1-norm error without incurring dimension
dependence in the sample complexity. Instead, one should appeal to vector Bernstein inequalities,
and incur a 𝜀 ℓ2-norm error by spending 𝑂 (1/𝜀2) shots. Thus, one can compare the above
result directly to algorithms such as regular Trotterization, where the gate depth per sample is
𝑂

(
ΓΥ(𝛼(𝑝+1)comm)1/𝑝 (Υ 𝑡)1+

1
𝑝 (1/𝜀)

)
, and the number of samples is 𝑂 (log(1/𝛿)/𝜀2).

12 Numerical studies
In this section we carry out some numerical studies to give some insight into how well Randomized
Extrapolation Trotterization (or Trotter extrapolation in general) may perform in practice.

We start by explicitly plotting the error bounds we derive for an electronic structure problem.
We plot analytical bounds using both the well-conditioned LKW extrapolation schedule (as defined
in Lemma 17), as well as extrapolation schedules found by simple brute-force search. We see that
under the assumptions made, Randomized Extrapolation Trotterization starts to beat regular Trotter
(in upper bounds) at a mild target precision. Moreover, extrapolation schedules generated by simple
brute-force search improve on the asymptomatically well-conditioned LKW extrapolation schedule.
We detail the

12.1 Constant factor comparison and heuristic optimization
We analyze resource costs for the Hamiltonian electronic structure of plane-waves, for which it is
known 𝛼( 𝑗)comm = 𝑂 (𝑛 𝑗 ), where 𝑛 is the number of basis functions. For simplicity, we consider the
task of compiling a time signal. In order to generate resource estimates, we pull out constant factors
for Randomized Extrapolation Trotterization and regular Trotterised time evolution.

Constant factors for regular product formulae. The number of Trotter steps for a 𝑝th-order
product formula to attain additive error 𝜀 in the time signal is shown in [Chi+21, Appendix C] to be
bounded as

𝑟Trotter ≤
(

2
1 + 𝑝

) 1
𝑝 (
𝛼
(𝑝+1)
comm

) 1
𝑝 (Υ𝑇)1+

1
𝑝 𝜀
− 1
𝑝 . (207)
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For our resource comparison, we take the Suzuki-Trotter formulae [Suz92], for which the number of
stages for the 2𝑘th order formula (for 𝑘 ≥ 1) is

Υ2𝑘 = 2 · 5𝑘−1 , (208)

Consequently, the total gate depth for a Suzuki-Trotter formula is

Γ
(
𝛼
(𝑝+1)
comm

) 1
𝑝𝑇

1+ 1
𝑝 𝜀
− 1
𝑝 for 𝑝 = 1 , (209)

Γ

(
2

1 + 𝑝

) 1
𝑝

·
(
2 · 5𝑘−1

)2+ 1
𝑝 (
𝛼
(𝑝+1)
comm

) 1
𝑝𝑇

1+ 1
𝑝 𝜀
− 1
𝑝 for 𝑝 = 2𝑘; 𝑘 ≥ 1 , (210)

Refined condition number. We make a further refinement to the bounds in Lemmas 15 and
16. We recall in both derivations we amplify the error series remainder by the full extrapolation
coefficient norm ∥®𝑏∥1. However this is an overestimate. Recall from Lemma 13 that each Trotterized
time evolution operator admits the operator-valued expansion

P1/𝑠𝑘 (𝑠𝑘𝑇) − 𝑒−𝑖𝐻𝑇 =
∑︁
𝑗∈𝜎Z+
𝑗≥𝑝

𝑠
𝑗

𝑘
𝐸̃ 𝑗+1(𝑇) , (211)

with 𝑠𝑘 = 𝑠/𝑞𝑘 . Inserting this into the extrapolation P (𝑅)𝑝,𝑚 (𝑇) =
∑𝑚
𝑘=1 𝑏𝑘P1/𝑠𝑘 (𝑠𝑘𝑇) and using the

fact that the schedule {𝑏𝑘 , 𝑞𝑘 }𝑚𝑘=1 cancels the powers 𝑠𝑝, 𝑠𝑝+𝜎, . . . , 𝑠𝑝+𝜎(𝑚−1) (as in Lemma 16), the
residual error operator takes the form

P (𝑅)𝑝,𝑚 (𝑇) − 𝑒−𝑖𝐻𝑇 =
∑︁
𝑗∈𝜎Z+

𝑗≥𝜎(𝑚−1)+𝑝

𝑠 𝑗
( 𝑚∑︁
𝑘=1

𝑏𝑘

𝑞
𝑗

𝑘

)
𝐸̃ 𝑗+1(𝑇) (212)

=
∑︁
𝑗∈𝜎Z+

𝑗≥𝜎(𝑚−1)+𝑝

𝑠
𝑗

1

𝑚∑︁
𝑘=1

𝑏𝑘

( 𝑞1

𝑞𝑘

) 𝑗
𝐸̃ 𝑗+1(𝑇) (213)

≤
𝑚∑︁
𝑘=1

𝑏𝑘

( 𝑞1

𝑞𝑘

) 𝑝 ∑︁
𝑗∈𝜎Z+

𝑗≥𝜎(𝑚−1)+𝑝

𝑠
𝑗

1 𝐸̃ 𝑗+1(𝑇) . (214)

As a result, for Lemma 16, rather than ∥®𝑏∥1, the remainder can be thought of as being amplified by
∥®𝑏 (𝑝) ∥1, the norm of the vector whose entries are 𝑏𝑘𝑞

𝑝

1/𝑞
𝑝

𝑘
. Similarly, for Lemma 15 the remainder

is amplified by ∥®𝑏 (1) ∥1. In practice this can lead to much smaller bounds when few extrapolation
points are used. We note however that the sample complexity is still controlled by ∥®𝑏∥1.

Constant factors for plane-wave dual basis. For electronic-structure Hamiltonians in the
plane-wave dual basis with 𝑛 basis functions it is known that

𝛼
( 𝑗)
comm = 𝑂 (𝑛 𝑗 ) , 𝜆comm = 𝑂 (𝑛) , (215)
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from [Chi+21] and [Cha+25] respectively. Thus, asymptotically, the dependence of extrapolated
product formulae on 𝑛 is the same as that for standalone product formulae. In the following Lemma
we prove a result with refined constant factors for any exponentially growing 𝛼( 𝑗)comm.

Lemma 52 (Bound on 𝜆comm for exponentially growing 𝛼( 𝑗)comm). Consider a 𝑝th order product
formula and let 𝛼( 𝑗)comm and 𝜆comm be defined as in Definitions 2 and 3 respectively. Assume there
exists 𝐴 > 0 such that

𝛼
(𝑡)
comm ≤ 𝐴 𝑛 𝑗 , ∀ 𝑗 ≥ 1. (216)

Then, we have

𝜆comm ≤ 𝑛 ·max{𝐴
1
𝑝+1 , 1} · sup

0≤𝑘≤1/𝑝

(
𝑒

(𝑝 + 1)2

(
1
𝑘
− 𝑝

)) 𝑘
. (217)

Proof. Starting from Definition 3 and imposing the bound in Eq. (216), we have
ℓ∏
𝜅=1

𝛼
( 𝑗𝜅+1)
comm
( 𝑗𝜅 + 1)2

≤ 𝐴ℓ𝑛 𝑗+ℓ
ℓ∏
𝜅=1
( 𝑗𝜅 + 1)−2. (218)

Since 𝑗𝜅 + 1 ≥ 𝑝 + 1, we have
∏
𝜅 ( 𝑗𝜅 + 1)−2 ≤ (𝑝 + 1)−2ℓ. The number of integer tuples { 𝑗1, . . . , 𝑗ℓ}

satisfying
∑
𝜅 𝑗𝜅 = 𝑗 with 𝑗𝜅 ≥ 𝑝 is bounded by∑︁

𝑗1,..., 𝑗ℓ≥𝑝
𝑗1+···+ 𝑗ℓ= 𝑗

1 =

(
𝑗 − ℓ𝑝 + ℓ − 1

ℓ − 1

)
≤

(
𝑒( 𝑗 − ℓ𝑝 + ℓ − 1)

ℓ − 1

)ℓ−1
. (219)

by the standard bound on binomial coefficients. Combining these bounds yields∑︁
𝑗1,..., 𝑗ℓ≥𝑝
𝑗1+···+ 𝑗ℓ= 𝑗

ℓ∏
𝜅=1

𝛼
( 𝑗𝜅+1)
comm
( 𝑗𝜅 + 1)2

≤ 𝑛 𝑗+ℓ 𝐴ℓ

(𝑝 + 1)2ℓ

(
𝑒( 𝑗 − ℓ𝑝 + ℓ − 1)

ℓ − 1

)ℓ−1
≤ 𝑛 𝑗+ℓ𝐴ℓ

(
𝑒

(𝑝 + 1)2
𝑗 − ℓ𝑝 + ℓ − 1

ℓ − 1

)ℓ−1
.

(220)
Taking the ( 𝑗 + ℓ)-th root and the supremum, we can write

𝜆comm ≤ 𝑛 sup
𝑗∈Z+≥𝜎𝑚

1≤ℓ≤⌊ 𝑗/𝑝⌋

(
𝐴

ℓ
𝑗+ℓ

)
sup

𝑗∈Z+≥𝜎𝑚
1≤ℓ≤⌊ 𝑗/𝑝⌋

((
𝑒

(𝑝 + 1)2
𝑗 − ℓ𝑝 + ℓ − 1

ℓ − 1

) ℓ−1
𝑗+ℓ

)
. (221)

The first supremum takes value 𝐴
1
𝑝+1 for 𝐴 ≥ 1. The second supremum can be bounded as

sup
𝑗∈Z+≥𝜎𝑚

1≤ℓ≤⌊ 𝑗/𝑝⌋

((
𝑒

(𝑝 + 1)2
𝑗 − ℓ𝑝 + ℓ − 1

ℓ − 1

) ℓ−1
𝑗+ℓ

)
≤ sup

0≤𝑘≤1/𝑝
inf
ℓ;≥0

(
𝑒

(𝑝 + 1)2

(
1
𝑘
− ℓ𝑝 + 1
ℓ − 1

)) 𝑘
(222)

≤ sup
0≤𝑘≤1/𝑝

(
𝑒

(𝑝 + 1)2

(
1
𝑘
− 𝑝

)) 𝑘
, (223)

where infℓ;()≥0 indicates an infimum such that the quantity inside the brackets is non-negative. □
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When 𝐴 ≥ 1, the ratio of 𝜆1+1/𝑝
comm to (𝛼(𝑝+1)comm)1/𝑝 (which represents respective contributions to

gate complexities) is
𝜆

1+1/𝑝
comm

(𝛼(𝑝+1)comm)1/𝑝
= sup

0≤𝑘≤1/𝑝

(
𝑒

(𝑝 + 1)2

(
1
𝑘
− 𝑝

)) 𝑘
. (224)

We can numerically determine this value and find it to be ≤ 1.5035 for 𝑝 = 1, ≤ 1.1487 for 𝑝 = 2
and ≤ 1.0445 for 𝑝 = 4. Assuming 𝐴 ≥ 1, the choice 𝐴 = 1 maximizes the bound for 𝜆comm (it is
the worst-case choice). From hereon we take this choice.

Choice of extrapolation schedule. In Lemmas 15 and 16 we demonstrate bounds on the
maximum number of Trotter steps for two types of extrapolation schedules. The first extrapolation
schedule removes error series powers starting from 𝑠1 (or 𝑠2 for symmetric error series), and is
compatible with the well-conditioned extrapolation schedule of [LKW19] which we used to derive
our main theoretical results (Theorems 24, 26, 28). The second uses the information that a 𝑝th
order Trotterized time evolution error series has leading order power 𝑠𝑝. In this setting we will find
extrapolation schedules by simple brute-force optimization. In both settings, we take Trotter-Suzuki
product formulae where we can use the bound 𝑎max ≤ 1.

We note that in both bounds there is a ceiling function, and we omit this for simplicity – this
would be valid if Υ𝜆comm𝑇

1+1/𝑝 log(1/𝜀) were large compared to the smallest error amplification
factor 𝑞1. This simplification allows us to compare bounds with regular Trotter formulae (Eq. (207))
such that we can disregard the dependency on Υ and 𝑇 , as the dependence of all bounds with respect
to these parameters is the same.

For the LKW well-conditioned grid we plot the following quantity (referring back to Theorem
19):

𝑞max

𝑞min
𝜆

1+1/𝑝
scale

(
𝑎(𝜀)∥®𝑏 (1) ∥1

𝜀

) 1
𝜎𝑚

, (225)

where (as with all schemes) we omit dependencies on Υ, 𝑇 and 𝑛 due to identical contribution – we
denote 𝜆scale as the upper bound in Lemma 52 divided by 𝑛, i.e. the constant factor contribution
to the extrapolated commutator factor. The quantity 𝑎(𝜀) was chosen to be 4 for simplicity in our
previous results following the analysis in Lemma 14 – here, we numerically pick a refined constant
for each target precision chosen to be the smallest number such that an upper bound on step number
condition 𝑠1(𝑎maxΥ𝜆comm𝑇)1+1/𝑝 is consistent.

For our brute-force search we optimize and plot the following objective over a simple search
space of all possible integer sequences {𝑞𝑘 }𝑚𝑘=1 (referring back to Theorem 20):

C(𝑞1, . . . , 𝑞𝑚) =
𝑞max

𝑞min
𝜆

1+1/𝑝
scale

(
𝑎(𝜀)∥®𝑏 (𝑝) ∥1

𝜀

) 1
𝜎 (𝑚−1)+𝑝

, (226)

in the domain 𝑞𝑘 ∈ [1, 10], and where ®𝑏 is computed from as the solution of the Vandermonde
linear system as in Eq. (20).

We present our plot of upper bounds of the LKW well-conditioned grid, the brute-force optimized
grid, alongside the regular Trotter bound across orders 𝑝 ∈ 1, 2, 4 in Figure 4. We recall that the
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LKW grid only works for symmetric product formulae, and so is not available for 𝑝 = 1. We record
the sample overhead amplification factor ∥®𝑏∥21 as the color of each data marker. During brute-force
search, candidate grids with ∥®𝑏∥21 > thresh are rejected for thresh ∈ {10, 100, 1000}, leading to
three distinct lines.
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Figure 4: Bounds on maximum number of Trotter steps. We plot our best known bounds on the maximum
required Trotter step number to attain a given additive error for the time signal task. The number we plot at
each target precision is proportional to the true Trotter step number, where the true value contains a factor
dependent on the target simulation time and problem size.

We observe first that despite adopting a very simplistic search strategy for extrapolation schedules,
our brute-force optimization improves upon the prescribed extrapolation schedule of [LKW19].
This demonstrates that heuristic optimization could lead to useful extrapolation schedules that go
beyond the performance of our (asymptotically strong) analytical results. Second, our bounds on
extrapolated Trotter formulae outperform Trotter formulae for small enough precision, but is not
found for large precision. We remark that for each order the extrapolation schemes at the largest
target precision are the trivial one (no extrapolation). Thus, the deviation between extrapolated data
and the regular Trotter curve is purely due to difference in constant factor; were constant factors to be
equal, Randomized Extrapolation Trotterization would outperform regular Trotter unconditionally
across our studied orders. We thus envisage improvements can be found with refined analysis of
constant factors and a refined optimization procedure in future work.

Gate depths. In the previous figure we have only investigated Trotter step number, which is only
one part of the contribution to total gate complexity per circuit. Inspection of Figure 4 shows that
the crossover point where Randomized Extrapolation Trotterization is more efficient than regular
Trotter appears to get worse as the order increases. In reality, the number of stages prohibits use of
high-order product formulae (e.g. the sixth-order Trotter–Suzuki formula requires 50 operators per
Hamiltonian term per Trotter step, compared to 2 for second-order). Figure 5 presents (a number
proportional to) the gate depth for the same data displayed in Figure 4. For simplicity, for lines
corresponding to extrapolated data we have selected only extrapolation schedules found via heuristic
search with sample amplification factor at most 10, and recall that stronger performance can be
obtained if a larger sample budget is allowed. We choose a system size of 𝑛 = 100 basis functions,
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deemed a large enough regime to potentially observe potential quantum advantage for the uniform
electron gas (Jellium) [Bab+18]. In the setting chosen for comparison we see that Randomized
Extrapolation Trotterization beats regular product formulae (in bounds) across order 𝑝 = 1 to 𝑝 = 6
below any error rate ≤ 10−2.
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Figure 5: Bounds on gate depth. We plot best available bounds on (a quantity proportional to) the gate depth
for a plane-wave dual basis Hamiltonian with 100 basis functions. Left: Superposed data taken from Figure 4
where we have selected only brute-force optimized extrapolation schedules with sample overhead factor 10.
Right: We highlight the best curve across all orders from the plot on the left.

12.2 Exact error
So far we have compared analytical bounds on the gate depth to reach some target precision. This
is useful if one wishes to perform resource estimates, or to perform an experiment with precision
guarantees (assuming perfect execution). However, bounds only tell one side of the story, and the
true error attained by Randomized Extrapolation Trotterization may be much better than the bounds
we derive in practice. Indeed, the true error of regular Trotter circuits may also be substantially
better.

In order to gain some insight into the exact error attainable by Randomized Extrapolation
Trotterization, we take the extrapolation schedule data from our previous numerical studies and
import them in a "blind" fashion into a new problem: simulating a Heisenberg Hamiltonian. We
consider an anisotropic Heisenberg Hamiltonian with an external magnetic field

𝐻 = 𝐽

𝐿−1∑︁
𝑖=1
(𝑋𝑖𝑋𝑖+1 + 𝑌𝑖𝑌𝑖+1 + 0.9𝑍𝑖𝑍𝑖+1) − ℎ

𝐿∑︁
𝑖=1

𝑍𝑖 , (227)

with a choice of 𝐽 = ℎ = 1.
On a system of 8 qubits we evaluate the exact operator norm error of a simulation of the time

evolution operator for both a Suzuki-Trotter circuit and Randomized Extrapolation Trotterization
implementations for 𝑝 = 2. We import all of our extrapolation schemes found for 𝑝 = 2 in our
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previous numerical study. We display our results in the left subfigure of Figure 6, and plot the
operator-norm error against the maximum number of Trotter steps required in one coherent circuit
run. As before, sample overhead is indicated by the color of each data point. We see that anything
below a very large operator norm error (∼ 1), all the previously found extrapolation schemes allow
substantially reduced error rates compared to regular Trotter circuits.

In the right subfigure of Figure 6 we investigate the robustness of our extrapolation schemes in
the presence of high circuit noise. We consider a simple model of measurement noise described by
random Pauli-𝑋 rotations. This incurs a noise floor below which no strategy can pass. We plot only
our best conditioned extrapolation schemes, that is schemes with a condition number ∥®𝑏∥1 ≤

√
10.

We see that the extrapolated data is able to hit the noise floor using fewer Trotter steps than the
regular Trotter circuits (see region between 10-30 Trotter steps). We interpret this as evidence that
heuristically found extrapolation schemes are in practice robust to noise, despite having non-trivial
condition numbers. Additionally, such schemes can improve on the performance of regular Trotter
circuits, despite the presence of a high noise rate.
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Figure 6: Exact error for Heisenberg model. We plot the exact error on the time evolution operator for
a Heisenberg chain Hamiltonian on 8 qubits using the second-order Suzuki-Trotter formula. Brute-force
extrapolation schedules are the same that were found in the optimization of Figures 4 and 5. Left: We plot
the operator norm error for every extrapolation schedule previously found. Right: We introduce a layer of
random single-qubit 𝑋-rotations to simulate measurement noise. The red dotted line signifies the noise rate
corresponding to one standard deviation.
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A Proof of Lemma 13
Proof of Lemma 13. Starting from Eq. (27), we can iteratively substitute the same formula into
itself. Doing so 𝐾 ∈ Z+ times, we can write the following:

𝑒𝑖𝑇𝐻eff (𝑠) = 𝑒𝑖𝐻𝑇+ (228)

+
𝐾−1∑︁
𝑙=1

∫ 𝑇

0
𝑑𝜏1

∫ 𝜏1

0
𝑑𝜏2· · ·

∫ 𝜏𝑙−1

0
𝑑𝜏𝑙𝑒

𝑖(𝑇−𝜏1)𝐻𝑖Δ(𝑠𝑇)𝑒𝑖(𝜏1−𝜏2)𝐻𝑖Δ(𝑠𝑇) . . . 𝑒𝑖(𝜏𝑙−1−𝜏𝑙)𝐻𝑖Δ(𝑠𝑇)𝑒𝑖𝐻𝜏𝑙

(229)

+
∫ 𝑇

0
𝑑𝜏1

∫ 𝜏1

0
𝑑𝜏2· · ·

∫ 𝜏𝑝−1

0
𝑑𝜏𝐾𝑒

𝑖(𝑇−𝜏1)𝐻𝑖Δ(𝑠𝑇)𝑒𝑖(𝜏1−𝜏2)𝐻𝑖Δ(𝑠𝑇) . . . 𝑒𝑖(𝜏𝐾−1−𝜏𝐾 )𝐻𝑖Δ(𝑠𝑇)𝑒𝑖𝜏𝐾𝐻eff (𝑠) .

(230)

Taking line (229) and expanding the definition of Δ(𝑠𝑇),

𝐾−1∑︁
𝑙=1

∫ 𝑇

0
𝑑𝜏1

∫ 𝜏1

0
𝑑𝜏2· · ·

∫ 𝜏𝑙−1

0
𝑑𝜏𝑙𝑒

𝑖(𝑇−𝜏1)𝐻𝑖Δ(𝑠𝑇)𝑒𝑖(𝜏1−𝜏2)𝐻𝑖Δ(𝑠𝑇) . . . 𝑒𝑖𝜏𝑙−1−𝜏𝑙)𝐻𝑖Δ(𝑠𝑇)𝑒𝑖𝐻𝜏𝑙

=

𝐾−1∑︁
𝑙=1

∫ 𝑇

0
𝑑𝜏1

∫ 𝜏1

0
𝑑𝜏2· · ·

∫ 𝜏𝑙−1

0
𝑑𝜏𝑙

©­«
1∏
𝜅=𝑙

©­«
∑︁

𝑗𝜅∈𝜎Z+≥𝑝
𝑒𝑖(𝜏𝜅−1−𝜏𝜅 )𝐻𝑖𝐸 𝑗𝜅+1𝑡

𝑗𝜅ª®¬ª®¬ 𝑒𝑖𝐻𝜏𝑙 (231)

=

𝐾−1∑︁
𝑙=1

∫ 𝑇

0
𝑑𝜏1

∫ 𝜏1

0
𝑑𝜏2· · ·

∫ 𝜏𝑙−1

0
𝑑𝜏𝑙

©­­­«
∑︁

𝑗∈𝜎Z+≥𝑝𝑙
𝑡 𝑗

∑︁
𝑗1... 𝑗𝑙∈𝜎Z+≥𝑝
𝑗1+···+ 𝑗𝑙= 𝑗

(
1∏
𝜅=𝑙

𝑒𝑖(𝜏𝜅−1−𝜏𝜅 )𝐻𝑖𝐸 𝑗𝜅+1

)ª®®®¬ 𝑒
𝑖𝐻𝜏𝑙 ,

(232)
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where we have denoted 𝜏0 = 𝑇 . We now reinsert 𝑡 = 𝑠𝑇 , and make a change of variables 𝑠𝑖 = 𝜏𝑖/𝑇 .
This gives

𝐾−1∑︁
𝑙=1

𝑇 𝑙
∫ 1

0
𝑑𝑠1

∫ 𝑠1

0
𝑑𝑠2· · ·

∫ 𝑠𝑙−1

0
𝑑𝑠𝑙

©­­­«
∑︁

𝑗∈𝜎Z+≥𝑝𝑙
(𝑠𝑇) 𝑗

∑︁
𝑗1... 𝑗𝑙∈𝜎Z+≥𝑝
𝑗1+···+ 𝑗𝑙= 𝑗

(
1∏
𝜅=𝑙

𝑒𝑖(𝑠𝜅−1−𝑠𝜅 )𝑇𝐻𝑖𝐸 𝑗𝜅+1

)ª®®®¬ 𝑒
𝑖𝐻𝑠𝑙𝑇 .

(233)

Next, we regroup the sum according to the degree of 𝑠, which yields∑︁
𝑗∈𝜎Z+≥𝑝

(𝑠𝑇) 𝑗
min{𝐾−1,⌊ 𝑗/𝑝⌋}∑︁

𝑙=1
𝑇 𝑙

∫ 1

0
𝑑𝑠1

∫ 𝑠1

0
𝑑𝑠2· · ·

∫ 𝑠𝑙−1

0
𝑑𝑠𝑙

∑︁
𝑗1... 𝑗𝑙∈𝜎Z+≥𝑝
𝑗1+···+ 𝑗𝑙= 𝑗

(
1∏
𝜅=𝑙

𝑒𝑖𝑇 (𝑠𝜅−1−𝑠𝜅 )𝐻𝑖𝐸 𝑗𝜅+1

)
𝑒𝑖𝐻𝑠𝑙𝑇

=
∑︁

𝑗∈𝜎Z+≥𝑝
𝑠 𝑗 𝐸̃ 𝑗+1,𝐾 (𝑇). (234)

Here, we have defined

𝐸̃ 𝑗+1,𝐾 (𝑇) :=
min{𝐾−1,⌊ 𝑗/𝑝⌋}∑︁

𝑙=1
𝑇 𝑗+𝑙

∫ 1

0
𝑑𝑠1

∫ 𝑠1

0
𝑑𝑠2· · ·

∫ 𝑠𝑙−1

0
𝑑𝑠𝑙

∑︁
𝑗1... 𝑗𝑙∈𝜎Z+≥𝑝
𝑗1+···+ 𝑗𝑙= 𝑗

(
1∏
𝜅=𝑙

𝑒𝑖(𝑠𝜅−1−𝑠𝜅 )𝑇𝐻𝑖𝐸 𝑗𝜅+1

)
𝑒𝑖𝑠𝑙𝑇𝐻 .

(235)

We now want to put bounds on the norm of 𝐸̃ 𝑗+1,𝐾 . Using the triangle inequality, unitarity of 𝑒𝑖𝜏𝐻 ,
and evaluating the remaining integral,

∥𝐸̃ 𝑗+1,𝐾 (𝑇)∥ ≤
min{𝐾−1,⌊ 𝑗/𝑝⌋}∑︁

𝑙=1
𝑇 𝑗+𝑙

∫ 1

0

∫ 𝑠1

0
· · ·

∫ 𝑠𝑙−1

0
𝑑𝑠𝑙

∑︁
𝑗1... 𝑗𝑙∈𝜎Z+≥𝑝
𝑗1+···+ 𝑗𝑙= 𝑗

(
𝑙∏
𝜅=1
∥𝐸 𝑗𝜅+1∥

)

≤ 𝑇 𝑗
min{𝐾−1,⌊ 𝑗/𝑝⌋}∑︁

𝑙=1

𝑇 𝑙

𝑙!

∑︁
𝑗1... 𝑗𝑙∈𝜎Z+≥𝑝
𝑗1+···+ 𝑗𝑙= 𝑗

(
𝑙∏
𝜅=1
∥𝐸 𝑗𝜅+1∥

)
.

(236)

Applying Lemma 11,

∥𝐸̃ 𝑗+1,𝐾 (𝑇)∥ ≤ 𝑇 𝑗
min{𝐾−1,⌊ 𝑗/𝑝⌋}∑︁

𝑙=1

𝑇 𝑙

𝑙!

∑︁
𝑗1... 𝑗𝑙∈𝜎Z+≥𝑝
𝑗1+···+ 𝑗𝑙= 𝑗

(
𝑙∏
𝜅=1

𝛼
( 𝑗𝜅+1)
comm

(𝑎maxΥ) 𝑗𝜅+1
( 𝑗𝜅 + 1)2

)

= (𝑎maxΥ𝑇) 𝑗
min{𝐾−1,⌊ 𝑗/𝑝⌋}∑︁

𝑙=1

(𝑎maxΥ𝑇)𝑙
𝑙!

∑︁
𝑗1... 𝑗𝑙∈𝜎Z+≥𝑝
𝑗1+···+ 𝑗𝑙= 𝑗

(
𝑙∏
𝜅=1

𝛼
( 𝑗𝜅+1)
comm
( 𝑗𝜅 + 1)2

)
.

(237)
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So far we have considered the terms in line (229). We now consider line (230), which we will denote
as 𝐹̃𝐾 (𝑇, 𝑠). Applying the triangle inequality and utilizing unitarity in a similar manner as above,
we can check that the operator norm of 𝐹̃𝐾 (𝑇, 𝑠) is bounded by

∥𝐹̃𝐾 (𝑇, 𝑠)∥ ≤
𝑇𝐾

𝐾!
∥Δ(𝑠𝑇)∥𝐾

≤ 𝑇
𝐾

𝐾!
©­«

∑︁
𝑗∈𝜎Z+≥𝑝

∥𝐸 𝑗+1∥(𝑠𝑇) 𝑗ª®¬
𝐾

,

(238)

which vanishes for 𝐾 →∞, and we take this limit to complete the proof and simplify our notation
as 𝐸̃ 𝑗+1,∞(𝑇) → 𝐸̃ 𝑗+1(𝑇). □
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